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ON SIMPLY TRANSITIVE PRIMITIVE GROUPS* 
BY MARIE J. WEISS 


Certain properties of the transitive constituents of the sub- 
group that fixes one letter of a simply transitive primitive per- 
mutation group will be analyzed in this paper. We shall denote 
the simply transitive primitive group by G and its subgroup that 
fixes the letter x, say, by G(x). 


THEOREM 1. If G(x) has two transitive constituents of relatively 
prime degrees m and n, n>m, it has a transitive constituent of 
degree (>n) a divisor of mn. 


Let ai, d2,---, and be,---, bg, respectively, be the 
letters of two transitive constituents of G(x) of relatively prime 
degrees m and n, and assume »>m. Let us denote the order of 
the group G(x) by g. Now the subgroup G(x) (a1) of G(x), which 
fixes the letter a1, is of order g/m, while the subgroup G(x) (a1) (b;) 
of G(x) (a1), which fixes the letter b,, is of order g/(mt), (1StSn). 
Using the same notation, we have on the other hand g/n as the 
order of the group G(x)(bi), and g(ms), (1 s<m), as the order 
of G(x)(b1)(a1). Hence ns=mt. Since m and 1 are relatively 
prime and s<m and tSn, we have s=m and t=n. Thus in the 
group G(a:)(x), which is identical with G(x)(a,), the m letters 
b;, be, --- , 6, are permuted transitively. Now since the sub- 
group that fixes one letter of a simply transitive primitive group 
is a maximal subgroup, G(x) and G(a;) cannot both have a tran- 
sitive constituent on the same letters. Consequently, in G(a,) 
the letters 51, be, --- , b, belong to a transitive constituent of 
degree g>n. In G(a;) the letter x belongs to a transitive constit- 
uent of degree m. Hence G(a:)(b1)(x) is of order g/(qv), where 
1<v<m. But the order of the group G(x)(a:)(b1) is g/(mn). 
Hence gu=mn and g divides mn. 

The following corollaries are immediate consequences of this 
theorem. 


Coro.iary 1. If G(x) has exactly two transitive constituents, 
the degrees of the two transitive constituents have a common factor 
greater than one. 


* Presented to the Society, December 27, 1933. 
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COROLLARY 2. The degree of a transitive constituent of maximum 
degree of G(x) has a factor in common with the degree of each of the 
transitive constituents of G(x). 


We turn now to an analysis of G(x) when it contains a regular 
constituent. 


THEOREM 2. Let G(x) have a regular constituent M of degree m 
and let the order of G(x) exceed m. Denote by H the invariant sub- 
group corresponding to the identity of M. Then 

(1) the transitive constituent M’, with which M is paired in 
G(x), has an invariant subgroup, consisting of all its permutations 
that are in H, with transitive constituents of degree t, (2St<m); 

(2) the degree of no transitive constituent of H contains a factor 
prime to t; 

(3) H has transitive constituents of degree less than t; 

(4) the degrees of the transitive constituents of H of degree less 
than t have no common facior. 


We shall use the notation of the previous theorem. Let the 
regular constituent M of degree m be on the letters a, de, 
- , dm. Let the letters which H displaces be Greek letters and 
those which it fixes be italic letters. Note that since M is 
regular, the subgroup G(x)(qa;) is H. 

The transitive constituents of the subgroup that fixes one 
letter of a transitive group occur in pairs of equal degrees.* 
Two members of a pair may coincide and then the transitive 
constituent is said to be paired with itself. If M is paired with 
itself, the permutation S=(xa,) - - - exists in G and transforms 
G(x)(a,), which is H, into itself; but since G(x) is a maximal 
subgroup, it is the largest subgroup of G in which H is invariant. 
Thus M is not paired with itself.t Then let 1 be paired with a 
transitive constituent on italic letters. The permutation 
S=(b\xa,---) +--+, which exists because of this pairing, trans- 
forms H into a subgroup, fixing both x and a;, which conse- 
quently is H7 itself. We conclude that M must be paired with a 
transitive constituent on Greek letters. Hence there exists the 
permutation S=(axa,---)---, where a is a letter of the 


* Burnside, Proceedings of the London Mathematical Society, vol. 33 
(1901), p. 162. 
{¢ Manning, Transactions of this Society, vol. 29 (1927), p. 815, §§1 and 9. 
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transitive constituent M’ which is paired with M. Now 
SG(x) (a1) S~'=G(a)(x) and hence S-!'G(a)(x)S =H. 

We now make an analysis of the degrees of the transitive con- 
stituents of H. Let the letters of M’ be found in transitive 
constituents of degree ¢. We first show that H cannot have tran- 
sitive constituents whose degree contains a factor prime to ¢. 
Of course, if t=m this statement is a repetition of Jordan’s 
theorem that if a prime divides the order of G(x), it divides the 
order of every constituent group of G(x). Let 6 be a letter of a 
transitive constituent of H of degree v, containing a factor v’ 
prime to ¢. Consider H(a), the subgroup of H which fixes a. 
Its order is h/t, where h is the order of H. The order of H(a)(8) 
is h/(tk), where k is the degree of the transitive constituent to 
which 8 belongs in H(a). On the other hand, the order of 
H(8)(a) is h/(vr), r being the degree of the transitive constituent 
to which a belongs in H(8). Hence tkh=vr, k=vr/t, and k is a 
multiple of v’. Consequently, every letter of a transitive constit- 
uent of H whose degree is divisible by v’ is displaced in H(a) 
in a transitive constituent of degree a multiple of v’. Since H(a) 
is in H and in G(x)(a), and since G(x)(qa) transforms H into 
itself, H(a) is invariant in G(x)(a). Hence all the letters of 
transitive constituents of H of degree involving a factor v’ 
are displaced in G(x)(q) in transitive constituents whose degree 
is divisible by v’. Since H and G(x)(a) are conjugates, each has 
the same number of transitive constituents whose degrees are 
divisible by v’. We have just shown that H and G(x)(a) have 
these transitive constituents on the same letters. Recall that 
SG(x)S-'=G(a) and SHS=G(a)(x). Hence G(@) in which 
G(a)(x) is invariant displaces these letters in transitive con- 
stituents containing no other letters. Thus the group 
{G(a), G(x) } permutes these letters among themselves, but 
G(x) is a maximal subgroup, and, consequently, H has no tran- 
sitive constituents whose degrees contain a factor prime to ¢. 

Further we show that transitive constituents of degrees less 
than ¢ exist, and that their degrees have no common factor. 
The subgroup that fixes one letter of the constituent M’ dis- 
places all the other letters of the constituent.* Hence G(x) (a) 
has transitive constituents on the letters of the constituent M’ 


* Rietz, American Journal of Mathematics, vol. 26 (1904), p. 9. 
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of degree less than ¢. If the transitive constituents of degrees 


less than ¢ are of degrees wi, we,--- , w, then we shall have 
t=kyw,+kewet --- +k,w,+1, where at least one k;>0, for S 
replaces a by x and the letters a1, a2, - - - , @:_; of the transitive 


constituent of degree ¢ to which a belongs in H by letters of 
transitive constituents of H of degrees less than ¢. This is evi- 
dent when we recall that S-!G(x)(a)S=H. Hence a common 
factor of wi, We, - - - , W. is prime to #, contrary to the analysis 
in the preceding paragraph. 


CorROLiLary. The number t defined in Theorem 2 is not a power 
of a prime. 


Since the degree of no transitive constituent of H is prime to 
t, and since the transitive constituents of degrees less than ¢ 
exist and have no common factor, we conclude that ¢ is not a 
power of a prime. 

We use Theorem 2 to prove the following theorems. 


THEOREM 3. If G(x) has a regular constituent of degree pq, 
p and primes, it is of order pq. 


Assume the order of G(x) to exceed. pg. We follow the nota- 
tion of Theorem 2. Since the constituent M’ is of order p7q", 
it is solvable,* and since its degree is not a power of a prime, it is 
not primitive. Let p be less than g. Since the subgroup G(x) (aq), 
that fixes one letter of M’, displaces the remaining m—1 letters 
of M’, the systems of imprimitivity of M’ cannot be of degree p, 
for then this subgroup has transitive constituents of degrees 
<p—1, but by (2) and (3) of Theorem 2, p is the smallest de- 
gree of a transitive constituent of H. Thus M’ has systems of 
imprimitivity of g letters permuted according to a group of 
degree ~, and, since p<q, of order ». Corresponding to the 
identity of the group of the systems, M’ has an invariant sub- 
group of order p*~'g” which fixes the systems of imprimitivity. 
The subgroup that fixes one letter of M’ fixes one system and 
hence every system of imprimitivity of M’. Hence it is contained 
in the invariant subgroup of order p*~'g’, and since its order 
is p*1g"“", it is one of at most g conjugates under M’. However, 


* Burnside, Proceedings of the London Mathematical Society, (2), vol. 2 
(1904), p. 388. 
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the subgroup that fixes one letter of M’ is necessarily one of pg 
conjugates under ©’, for it fixes only one letter of M’. Hence 
G(x) is of order pq. 


THEOREM 4. If G(x) has no more than four transitive constit- 
uents, one of which is a regular constituent of degree m, it is of 
order m. 


We again use Theorem 2 and assume the order of G(x) to 
exceed m. If the transitive constituents of H of degree less than 
t are all of the same degree v, say, v is prime to ¢, for then 
t=kv+1. Hence the transitive constituents of H of degree less 
than ¢ are of at least two different degrees. Thus H must dis- 
place letters of at least three transitive constituents of G(x) for 
all the transitive constituents of H arising from one transitive 
constituent of G(x) are of the same degree. If G(x) has no more 
than four transitive constituents, H has transitive constituents 
of degree ¢ arising only from the transitive constituent M’ 
of G(x). Now G(x)(a) displaces the letters of M in transitive 
constitutents of degree ¢, for G(x)(a:)(a@) is of order g/(mt), 
while G(x) (a)(a1) is of order g/(mk). Thus k=t#, and since M@ 
is regular, every transitive constituent on the letters of M is 
of degree ¢ in G(x)(a). Since S-'G(x)(a)S=H, S replaces 


every a by an a, where a, a, - - - , @m_1 are the letters of M’. 
Consequently, S“'G(x)S=G(a,) has a transitive constituent 
on the letters a, a1,---, Q@m—1, but the group { G(x), G(a;)} 


is G. Hence if H is to exist, G(x) must contain more than four 
transitive constituents. 


NeEwcoMB COLLEGE, TULANE UNIVERSITY 


406 A. H. SMITH [June, 


ON THE SUMMABILITY OF DERIVED CONJUGATE 
SERIES OF THE FOURIER-LEBESGUE TYPE* 


BY A. H. SMITH 


1. Introduction. We assume throughout that the function f(x) 
is integrable in the sense of Lebesgue and satisfies the periodicity 
condition f(x-+27) =f(x); then the series 


x 


(1) > (— sin vx — b, cos vx) ], (r even), 
p=] 

and 

(2) (— cos vx + b, sin vx) ], (r odd), 
v=1 


where a,, 6, are the Fourier coefficients, are defined to be the 
rth derived conjugate series of the Fourier-Lebesgue type. 

In a paper published in 19317, Bosanquet and Linfoot intro- 
duced a regular method of summation which is weaker than that 
of the Cesaro means of any order a >0 and is defined as follows. 
The series >a, is said to be summable (a, 8) to S, where either 
a>0, or a=0, B20, if 


>| r/n)* as n> ©, 
1 —v/n 


ven 


for C sufficiently large,f where B = (log C)?. 
The object of this paper is to apply the Bosanquet-Linfoot 
method of summation to the series (1) and (2).§ 

* Presented to the Society, October 28, 1933. 

Tt L.S. Bosanquet and E. H. Linfoot, On the zero order summability of Fourier 
series, Journal of the London Mathematical Society, vol. 6 (1931), pp. 117-126. 

t They have shown that it is equivalent to say “for every C>1”; see L. S. 
Bosanquet and E. H. Linfoot, Generalized means and the summability of Fourier 
series, Quarterly Journal of Mathematics, Oxford series, vol. 2 (1931), pp. 207- 
229. 

§ This method has been applied to Fourier series, the conjugate series and 
the rth derived Fourier series. See the two papers of Bosanquet and Linfoot 
given above and A. H. Smith, On the summability of derived series of the Fourier- 
Lebesgue type, Quarterly Journal of Mathematics, Oxford series, vol. 4 (1933), 
pp. 93-106. 
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2. Notation and Definitions. We define the following func- 
tions: 


b(t) = f(x + t) + f(x — t) — 2f(x), 


(3) 
v(t) = f(x + t) — f(x — d), 

(r even), 
= 
(r odd), 
(5) 2,(¢) = f | | du, 

_ 

(6) 6,(t) = du, 


(7) = Buk(i—u)! 


3) 


1 
(8) = f cos tu du, 
0 


where B = (log C)®, for k=0, a2=1, B=0, 


1 
(9) = sin tu du, 
0 


= 1 
(10) t) = Ho,a,8(1 — v/m) sin vt dy, 


(11) g(x) =lim — — 
us 


whenever the limit on the right hand side exists. The expression 
g(x), by definition the rth derived conjugate function, is a 
generalization of the conjugate function 
1 
(12) g(x) = g(x) = lim — — dt. 
™0 t 

The &th derivative of X\.,3(”, t) with respect to ¢ will be de- 
noted by #). It can be expressed in terms of Qk, a,(mt) 
or Qx,a,s(mt) according as k is even or odd. Finally, we shall 
define 


(13) J = 2) (— 1) f 


0 


= 
= 
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3. Lemmas. The first three lemmas are stated without proof.* 


_ Lemma 1. For a21, B20, the functions and 
Q:.a.e(t) are bounded in (0, ©), and for large values of t, Cr+2 
being a constant, 


+ 


Lemma 2. The function X*3(n, t) is bounded in (0, ©) for fixed 
n, where R20, a=1, B20; and for large values of t, when R20 
and B=0, 


+ = 


+ (a k+3) 


Lemma 3. When a>1,B2=0,r=0, 


*—(2r) 
2f t) sin vt dt 
0 


= (— 1)"B(1 — v/n)" v*, 
1 —v/n 


and 


(n, t) cos vt dt 
0 


IIA 


= (— 1)"B(1 — (OSvsn), 


1 — v/n 
= 0, (v>n). 


*Lemma 1 was in an paper, cited (Lemma 2.1). 
The proofs of Lemmas 2 and 3 are analogous to those of Lemmas 2.2 and 2.3 
of that paper. 


= 0, (v>n); 
|| 
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LEMMA 4. At every point where f(x) is finite the expression J 
of (13) is the [n|th* mean of order (r, B20) of the rth derived 
conjugate series, r=1, of the Fourier series corresponding to f(x). 


ProoF. It follows from Lemma 2 that, for fixed n, 1”, (n, t) is 
absolutely integrable and of bounded variation in (0, ©) when 


k21, a=k+1, B20. 
Thus, substituting for [f(x+#) —f(x—2)] its Fourier series, em- 


ploying a theorem of W. H. Youngt and Lemma 3, we have 


(14) =(-—1)">> | Ba — v/n)" yr 


ven 


X(— a, sin vx + b, cos 


where r21, 820. Similarly, using the fact that 
t)dt 
0 
vanishes (integration and Lemma 2), we have at every point 


where f(x) is finite 


2r+1) 


(15) = (- 1)" >> = Nog —) 


yen 


X (a, cos vx + sin 


where r20, B20. By combining (14) and (15), the lemma 
follows. 


4. Summability Theorems. Our main result will now be dem- 
onstrated. - 


* Where [7] is the largest integer not greater than n. 
t E. W. Hobson, The Theory of Functions of a Real Variable and the Theory 
of Fourier Series, vol. 2, 2d ed., 1926, p. 583. 
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THEOREM 1. If the function f(x) is integrable in the sense of 
Lebesgue and satisfies the periodicity condition f(x+2mr) =f(x), 
then the rth derived conjugate series, r=1, is summable (a, B) for 
a=r, B>1 to g(x) whenever the following conditions are satis- 
fied: 

(i) f(x) ts finite; 

(ii) 2,(4) 
and 

(iii) g(x) exists. 

(See (5) and (11).) 


Proor. Assume that at the point x the conditions of the 
theorem are satisfied. Let Ki, Ke, K3; denote positive numerical 
constants. Choose ¢€ arbitrarily small, then A so that 


1 t 
(16) f | o,(u)| du < A). 
0 


Next choose 2 so that nA >e, divide the interval (0, ©) into 
(0, e/n), (e/n, A), and (A, ©), and denote by Ji, Jz, and J; the 
respective portions of J of (13). 


Expressing X?41.0(”, #) in terms of the bounded quantity 


(r) 


| 


if r is even [odd], and then using condition (ii), we have 
n\ttl e/n 

(17) s x,(“) | | de 
é 0 


as n— ©. In the interval (e/n, ©), we have 


—(r) (— 1)’r! 
2) = ——— + O(F-“t» log? nt). 


+1 


Set Jo=J?i+J2’ and J3=J3 +J3'’, where 


—r! 74 
Jj= dt, 


A 


In 


(18) 


with similar definitions for J/ and J;’’. 
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Let us next investigate J,’’. Integrate by parts; the integrated 
term vanishes for B>1 as n—«; hence the discussion of J,’’ 
reduces to that of the two integrals in the expression 


A 
K.(r + 1) f log-* nt dt 
(19) eln 
e/n 


Now by (16) 


A A 
nt dt S f log-* nt dt 
e/n e 


€ 
=< — (1 — nA), 
g ) 
which for 8 >1 is arbitrarily small with €, since 7A >e. Similarly, 
for B>1, the second integral of (19) is arbitrarily small with e. 
Thus for B>1, 


as m—. Finally, since f(x) is periodic, choose g so that 
2(q—1)4 SA <2q7; then 


1 
Is" | f 
| | | 0 | wll) | Att! log® nA 


1 1 
and thus for 


(21) J;''— 0, 
as n— 2. Hence from (17), (18), (19), (20), and (21), we have 
—r! w(t —r! 
lim J = lim— f 


8 


n— n— 2 T 


provided the latter limit exists. Thus the theorem is demon- 
strated. 


THEOREM 2. The condition 
2,(é) = o(é'*") 
is equivalent to the condition 6,(t) =o(t). (See (6).) 


412 
Proor. We have 


t, t 
(i) = +r f 2,(s)s~ "tds = 0(#) 
at every point for which ; 
2,(s) = o(stt). 


We have also 


2,(é) = = | 


t 
rf 6,(s)s*—'ds = 
0 


t 


(ii) 


at every point for which 0,(s)=o0(s). Hence the theorem is 
proved. 

5. Case r=0. We note that if r=0, it can be stated that the 
conjugate Fourier series is summable (0, 8>1) almost every- 
where to g(x) of (12). 

This follows since for B>1, d1,s(n, 4), for fixed n, is of bounded 
variation over (0, ©) and tends to zero as t—>™, and since for 
a=1, B>0, r=0, Lemma 3 is satisfied. Hence, employing as 
before Young’s theorem, we find that Lemma 4 is valid for r=0. 
Moreover, in this case the calculations of Theorem 1 hold and 
its conditions are satisfied almost everywhere.* 

BRowN UNIVERSITY 


* That g(x) exists almost everywhere was proved by A. Plessner, Zur 
Theorie der konjugierten trigonometrischen Reihen, Mitteilungen des Mathe- 
matischen Seminars der Universitat Giessen, Heft 10 (1923). 
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ON CONVERGENCE IN VARIATION* 
BY C. R. ADAMS AND J. A. CLARKSON 


1. Introduction. Certain questions concerning functions f(x, y) 
of bounded variation naturally lead one to consider a se- 
quence of functions f,(x), (n=1, 2, 3, - - -), defined on an in- 
tervalf (a, 6) and satisfying the following conditions: f,(x) 
tends to a limit function fo(x) of bounded variation; the total 
variation T,°(f,) of f,(x) on (a, b) tends to the total variation 
of fo(x) on (a, The notation f,(x)—v—fo(x) will fre- 
quently be employed to describe this situation, which has al- 
ready received attention from Buchanan and Hildebrandt.§ All 
of the theorems which we are about to establish are valid when 
a set of functions f(x, A) corresponding to a set of values \ 
having Xo as a limit is considered, with f(x, \)—>fo(x) as A—Ao 
over the set. 

2. Preliminary Theorems. Let P,[N,] denote the total posi- 
tive [negative | variation of f,(x) on (a, b), (n=0,1, 2,---); 
then we have the following theorem. 


THEOREM 1. The relations f,(a)—fo(a), fn(b)—fo(b), and 
T2°(fn)—>T imply and No. 


This follows at once by writing 
THEOREM 2. The relation f,(x)—>fo(x) on (a, b) implies 


lim inf T.(f,) = T.2(f). 


This may easily be proved directly or by aid of the well 


* Presented to the Society, December 27, 1933. 

{ The closed interval is always to be understood. 

¢ It may be of interest to note that 7,°(f(x)) isa semi-linear operation in the 
sense that we have T.°(f(x)+g(x)) STo°(f(x)) +To%(g(x)) and Ta°(cf(x)) 
= Ta*(f(x)) for ¢ constant. 

§ Buchanan and Hildebrandt, Note on the convergence of a sequence of func- 
tions of a certain type, Annals of Mathematics, (2), vol. 9 (1908), pp. 123-126. 
This paper will be referred to as BH. The symbol —v— may be read “converges 
in variation.” 
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known fact that if f, tends to fo on (a, b) and T,*(fn) is £M, 
T.°(fo) is =< M. 

Coro.uary. The relation f,(x)—v—fo(x) on (a, b) implies that 
relation for every subinterval. 

THEOREM 3. If we have f,(x)—fo(x) on a set of points every- 
where dense in (a, b), with T.°(fn)—>Ta>(fo) and fo(x) continuous 
on (a, b), f(x) tends to fo(x) everywhere on (a, b). 

This is sufficiently clear. 

3. Uniform Convergence. We have the following theorems. 


THEOREM 4. The relations f,(x)—v—fo(x) on (a, b) and f(x’) 
=fo(x’—0) [fo(x’) =fo(x’+0) |] imply that x’ is a point of uniform 
convergence on the left |right| for both f,(x) and Tz (fn).* 

Proor. 77 (fo) is continuous on the left at x’; any e>0 being 
given, choose 6(>0) so that T2:_3(fo) is <e and then m so 
that we have for n»>m 


< 


Then we have |fn(x)—fo(x)| <4e and | 77 —Tz(fo)| <4e 
for O<x’—x<6,n>m. 

CorRo.Liary. The hypotheses of Theorem 3 imply that the con- 
vergence of both f, (x) to fo(x) and Tz(f,) to Tz (fo) 1s uniform over 
(a, b).¢ 


THEOREM 5. The relations f,(x)—v—fo(x) on (a, b) and fo(x’) 
#fo(x’ —0) [fo(x’) Afo(x’ +0) | imply that x’ is a point of uniform 
convergence on the left [right| for both f.(x) and Tz(fn) or for 
neither, according as f,(x’—0)[fn(x’+0)]| tends to fo(x’—0) 
[fo(x’ +0) | or not. 

Proor. Let f,(x) =fn(x) forasx <x’, f(x’) =fn(x’—0), (n=0, 
1, 2,---); then we have 77(f,)=T7 (fn) +| fn(x) —fn(x)| for 
each n and a<x<Xx’. If x’ is a point of uniform convergence on 
the left for either f,(x) or TZ(fx), we have fn(x’)—fo(x’). By 
Theorem 4, x’ is then a point of uniform convergence on the 


* The part of this theorem concerning convergence of f, is not essentially 
different from the Lemma of BH; the same is true of the proofs. 
t This result includes Theorem B of BH on uniform convergence of fn. 


— 
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left for both f,(x) and Tz(f,), and hence for both f,(x) and 
Te (J,). 

Coro.iary. If we have f,(x)—v—fo(x) on (a, b), a necessary 
and sufficient condition that Tz (f,)—>TZ (fo) uniformly on (a, b) is 
that fn(x)—>fo(x) untformly on (a, b). 

It may be observed that when 77 (f,) converges uniformly, 
the same is true of the total positive and negative variations, 
Pz (fn) and NZ (fz). 

4. Reciprocal Sequences. Let S be any set of points x;, (4=0, 
1,---, p), with a=xp<x,< --- <x,=b, and let 
ast. 1 | f(x:) —f(xi+)|. For the proof of our next theorem the 
following rather obvious lemma is convenient. 


Lemma. Let f(x) be finite and >a>0 (or <—a<0O) on (a, 5), 
and let S’ be the set obtained by adding a new point X to S; then 
we have 


THEOREM 6. The relation f,(x)—v—fo(x) on (a, b), when | f(x) | 1s 
>2a>0 and f(x) does not change sign in the interval, implies 
1/f.(x)—v—1/fo(x). 

Proor. It may readily be shown that for 7 sufficiently large 
the functions f, are uniformly >a (or <—a). Thus no loss 
of generality results from assuming, as we now do, that the 
sequence f, is uniformly >a and is of uniformly bounded varia- 
tion. Then there exists a double sequence of sets S,”, (p, n=0, 


1,2,---), such that for each p we have 


Sn) Thr), Sn”) > T(A/fo) 
as no. Let S,=S,™ and consider the double sequences 
= (fa S,). Because of our choice of sets 
and the relation f,—v—fo, @mn is non-decreasing in m for each m 
and the iterated limits as m, n—© both exist and are equal. By 
a Lemma of Hildebrandt,* lim, @,,, then exists uniformly in m. 
From the above Lemma we infer that lim, b,,. exists uniformly 


* Hildebrandt, On a generalization of a theorem of Dini on sequences of con- 
tinuous functions, this Bulletin, vol. 21 (1914), pp. 113-115. 
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in m, and by our choice of sets we have limm bmn=>,(1/f, Sn); 
hence by a classical theorem we have 


lim, limy ban = T(1/f) = limm lim, dan = limn T(1/fm). 


That Theorem 5 is not true when the hypothesis that f(x) be of 
fixed sign in (a, 6) is deleted may readily be seen. It should be 
remarked first that if f changes sign in (a, 6), the fact that | f | 
is bounded away from zero does not imply that f,(x), for n 
sufficiently large, is uniformly bounded away from zero; hence 
it would be natural to make the latter condition a part of the 
hypotheses in considering this case. But even then the theorem 
would be untrue, as is seen from such a simple example as the 
following: fo(x) =1 for OSx<1, fo(1) = —1; f,(x), (n=1, 2, 3, 

- + + ),a monotone function decreasing from 1 to —1 and con- 
tinuous except for a jump from 1/2 to —1/2 somewhere in the 
interval, with f,—fo. 

The following application to functions of two variables may 
be noted. Let f(x, y) be defined over a rectangle R(a<x3b, 
¢<y<d), and let $(£) stand for the total variation of f(#, y) in 
y over the interval c < y <d; then we have the following fact. 


Coro ary. If f(x, y) is >a>0 (or <—a<0O) in R and is con- 
tinuous in x, o(x) for 1/f(x, y) is continuous wherever $(x) for 
f(x, y) is continuous. 

5. Sums and Products of Sequences. One may readily show 
that the relations f,(x)—v—fo(x) and gn(x)—v—go(x) on (a, d), 
even when fo(x) and go(x) are both continuous on (a, b) (which 
by the corollary to Theorem 4 provides all the uniformity of 
convergence that could be desired), imply neither f,+g,—v— 
fotgo nor frgn—v—fogo. In fact we can make the stronger as- 
sertion that f,—v-—>fo, with go of bounded variation, implies 
neither fat+go—v—fotgo nor frgo—v—fogo. The following ex- 
ample exhibits a sequence of absolutely continuous* functions 
f, converging in variation to an absolutely continuous* limit 
function fo, and an absolutely continuous* function go, for which 
fa+go does not converge in variation to fo+go: for OS x <1, let 
go(x) = —x and 

(m/2” for m = 0 mod 2, 
fa(m/2") = {m/2" + 1/2**! for m = 1 mod 4 
m/2" — 1/2"*1 for m = 3 mod 4, (m = 1, 2,3,---), 


* The functions fo, go, and fn, (n=1, 2, 3, - - - ), are all monotone. 
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and between the points m/2", let f, be defined linearly. 


6. A Set of Conditions Sufficient to Insure Convergence in Vari- 
ation. 


THEOREM 7. Let f,(x) be a sequence of absolutely continuous 
functions converging to a limit function fo(x) on (a, b); let f,. (x) 
converge asymptotically to a limit function, and let f,{ (x), (n=1, 
2, 3,--+), be dominated by a summable function; then we have 
fn(x)—v—fo(x) on (a, b). 

It is easily seen that the hypotheses imply (i) that fo(x) is 
absolutely continuous, so that we may write 


b 
= f dz, (n= 0, 


and (ii) that we may pass to the limit under the integral sign. 


COROLLARY. Let the series peer a;x*, with real coefficients, have 
the radius of convergence R(>0); let the sum of the series be 
denoted by S(x), and let S,(x) =) f-0 a;x'; then we have S,(x) 
—v—S(x) on each interval (a, b), (—R<a<b<R). 


Brown UNIVERSITY 


TYPES OF INVOLUTORIAL SPACE TRANSFORMA- 
TIONS ASSOCIATED WITH CERTAIN RATIONAL 
CURVES—COMPOSITE BASIS CURVES* 


BY AMOS BLACK 


1. Introduction. In a preceding papert the author found and 
discussed the involutorial transformations belonging to the 
special complex of lines which meet a rational curve r of order 
m, (m=2, 3,4, 5), and having a pencil of invariant cubic sur- 
faces which contain the curve r as a simple basis element, with 
the restriction that the residual basis curve, Yo_m, of the pencil 
should not be composite. In this paper we shall discuss the 
cases where Y9_» is composite. 

2. Equations of the Transformation. The equations of the 


* Presented to the Society, April 14, 1933. 
1 Types of involutorial space transformations associated with certain rational 
curves, Transactions of this Society, vol. 34 (1932), pp. 795-810. 
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transformation and the image of 7, are identical with those 
of the preceding paper (p. 797), namely: 


Tem+s: x; = — 2M, (i 4), 
and 
(m+1)+2t m+1 
Tn Yo—m, 
(2m+1)+2t 2m+1 
Tm ™ Rem+s: 
[(m+1) (m+2)+1]+(m—2)t (m—1) (m—2) 
Y9—m 


where Ys_m May or may not be composite. 

Let 7Ys_m be composite, and let one part be y,, (1<”<9-—m). 
Fix a point P on yn. Let LZ be an arbitrary point on r,. The 
line PL meets F, in P, L, and a third point P’, the image of P. 
As L describes 7m, the line PL generates a cone Ky, with one 
point P’ on each generator. Then the locus of P’ is a curve of 
order m+ the number of times PL is tangent to F, at P. Given 
a point L, the tangent plane of F, at P intersects 7» in m points 
K. Conversely, given a point K, the F; whose tangent plane 
at P passes through K is unique; hence there is only one point 
L. This (1, m) correspondence on 7, has m-++1 coincidences, and 


P ~ Com41? pti, 


As P traces yn, the Com41 generates a surface I which is the 
image of yn. 

The surface [ may be found in an alternate manner. Let O 
be a fixed point on 7,, and P an arbitrary point on yn. The line 
PO cuts Fy in O, P, and a third point P’ which is the part of the 
image of P which lies on Fy. As P traces yn, PO generates a 
cone K,, and P’ generates a curve C which is the part of the 
image of y, which lies on Fo. The cone K, and F) intersect in 
y, and C. The surface I is obtained by eliminating the param- 
eter (A, uw) between K, and Fy. 

Let us consider a cone K,. It stands on y, and has its vertex 
at an arbitrary point O (A, uw) on 7m, and is met by 7» in 
n(m—1)—i arbitrary points other than O, where 7 is the number 
of intersections of r, and yn. Then K, is met by 7, in one n-fold 
and n(m—1)—i simple points, hence the parameter (A, yp) 
enters the equation of K, to degree n+n(m—1)—t=mn-1. If 
the parameter is eliminated between K,(x, A, wu): Yn, and 


$ 

} 
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Fo = — FZ: 
we have 
F3, FZ) 
of degree in (x), and of degree mn F3, F3’. Hence 


T's(mn—i)n= 

Since Com 41: is perspective from P, then P is invariant 
in the m+1 directions of the tangents of Com ,; at P. Thus 
m-+1 sheets of T touch the m+1 sheets of M along yp. 

From the table of images and intersections we find that 
sheets of [ have a common tangent plane at all points O of 
rm, the tangent plane of Fy at O. 

There is one set of transformations which involves additional 
explanation; namely, that where m=2 and the residual yz is 
composite, consisting of a straight line which meets 72 twice and 
a sextic where the sextic may, or may not, be composite. We 
shall treat the case where the sextic is not composite. 


3. Equations and Images. The fundamental curves are fre, 
V1, Yo (P=4), where [r2, y:]=2 points, [r2, ys] =4 points, and 
Ys] =2 points. We see that y1, 72 forms a complete plane 
section of any F;. If we choose P as a general point of this plane, 
the particular F; determined by P is composite and has the 
plane for one component. Thus the whole line PO lies on F;, 
hence is parasitic. But there is a pencil of such lines in the plane 
and the plane factors out of the transformation. The degree of 
the transformation is reduced by one, hence is sixteen. The 
plane is also a factor of Rand M. 


44+3t 4 5 

A plane ~ Sig: re 176, 
44+2¢ 4 5 

Ris: re 

2 3 


Mio: 


Fix a point O on re. The line OL, where L is an arbitrary 
point on re, meets F, in a point P’ on y;. As L describes fe, 
P’ generates 7: which is the image of O. But as O describes 
re, Y1 remains fixed, hence there is no surface R’. 

The line joining a fixed point P on ¥; to an arbitrary point O 
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on fz meets Fy in a point P’ on rz. As O describes rz, P’ also 
describes r.. However, when O is either of the points of inter- 
section of 1, f2, the point P’ can not only be a point of rz but 
also any point on ¥;. Thus the image of any point P on 7; is 
Y2, and y; counted twice. But as P traces y:, the image of P 
remains fixed; hence there is no surface which is the image of 
Y1- 

The two curves f2, ¥: each play a dual role. The curve r2 
is a fundamental curve of the first species with image Ry, and 
a fundamental curve of the second species with image 7;. The 
line ; is a fundamental line of the second species with image 
re and a parasitic line. 

The reduction in the degree of the transformation does not 
affect the image of ye; hence 


8 9 
Ye~Ts0: 


The Jacobian is Jeo = RisT's0. 


4. Number of Parasitic Lines. We have already seen that 
1 is itself a parasitic line counted twice. We shall think of it 
as two parasitic lines. In a manner similar to that of the pre- 
ceding paper (pp. 798-800) we find twenty-two other parasitic 
lines each of which meets 72 once and ¥¢ twice. In all there are 
twenty-four parasitic lines, which is five less than the number 
in the case for yz non-composite. 

The procedure in this and the preceding paper can be im- 
mediately generalized to spaces of higher dimensions. One in- 
teresting feature of the generalization is that images of lines, 
planes, three-way spaces, etc., must all be considered. No essen- 
tially new ideas are introduced. 
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AN INVOLUTORIAL LINE TRANSFORMATION* 
BY J. M. CLARKSON 


1. Introduction. Consider a non-singular quadric H, a plane 
@ not tangent to H, and a point O on H but not on z. In the 
plane z take a Cremona involutorial transformation J, of 
order ” with fundamental points in general position (not neces- 
sarily on the curve of intersection of 7 and H). Project H from 
O upon 7 by the projection P. The point transformation PJ,,P-! 
is involutorial and leaves H invariant as a whole. A point A on 
H~(P) B on 7; B~(I,) B’; B’~(P-") A’ on H. Now an arbi- 
trary line ¢, with Pliicker coordinates y;, (¢=1, - - - , 6), meets 
H in two points A;, Az which ~(PI,P-'!) Aj, Az. The line 
Aj A? =?’ shall be called the conjugate of ¢ by the /ine trans- 
formation T, and we write t~(T)t’. Since the point transforma- 
tion PI,P- is involutorial, so will the line transformation T be 
involutorial. 

2. Order of the Transformation T. The coordinates of the 
points A;, Az in which ¢ meets H are quadratic functions of 
yi; the coordinates of B,, Bz are linear in the coordinates of A, 
Az and hence are also quadratic functions of y;; the coordinates 
of B/ , B/ are functions of degree 1 in the coordinates of B,, Bz 
and are therefore functions of degree 2n in y;,; finally Ay, A? 
have coordinates of degree 2” in y;. The Pliicker coordinates of 
a line are quadratic functions of the coordinates of two points 
which determine the line, and hence the Pliicker coordinates x; 
of ¢’ are of degree 4n in y;. Thus T is of order 4n. 

3. The Singular Lines of T. Denote by O,, O2 the points where 
the generators gi, go of H through O meet 7. The points 
O01, Oo~(In)O% , Of Qe. The line t=Q,:02~(T) the en- 
tire plane field of lines (gige), since O,, Oox~(P-")g1, ge. 

Any line ¢ tangent to H meets H in two points coincident at 
A. The point A~(PI,,P-') A’, and hence t~(T) the pencil of 
tangents to H at A’. 

Since O~(P) the whole line O0,02.~(J,,) a curve p of order 


* Presented to the Society, October 28, 1933. 
¢ The symbol ~(P) means “corresponds in the transformation P to.” 


422 J. M. CLARKSON [June, 


n~(P-') a curve of order 2 with an n-fold point at O, any line 
through O meeting H again at A~(T) a cone of order 2” with 
vertex A’ and an n-fold generator A’O. However, when ¢ is 
tangent to H at O so that both points of intersection with H 
coincide there, then t~(T) a congruence of lines, bisecants of 
the curve of order 22 into which p is projected by P—'. The order 
of the congruence is the number of bisecants through an arbi- 
trary point of space, and hence the number of apparent double 
points of the curve. Since p is rational and since also its projec- 
tion on H by P-' is rational, we have, from an arbitrary point 
of space, 


(2m — 1)(2n — 2) (n—1)(n—2) n(n — 1) 
2 2 


= n(n — 1) 


apparent double points, and hence the conjugate congruence is 
of order m(n—1). The class is the number of bisecants lying 
in an arbitrary plane, which is m(2n—1). 

Denote the regulus to which g, belongs by k; and that to which 
ge belongs by ke. A line t belonging to k:~(P) a line through O, 
which line ~(/,) a curve of order n~(P-") a curve of order 2n 
on H. Again we find that t~(T) a congruence of order n(n —1) 
and class m(2m—1). So also for any line of the regulus ke. 

The line ~(P“)Q:, and hence t~(T) 
the pencil of tangents to H at Q, and likewise t=g2(T) the pencil 
of tangents to H at Qe. 

4. The Invariant Lines of T. Let the curve of invariant points 
of I,, be A,, of order m and genus p. Then A,,~(P-') ben of order 
2m and also of genus p. Any bisecant of 52» is invariant under T, 
and hence the invariant lines form a congruence of order 
m(m—1)—p and of class m(2m—1)—p. If I, has q isolated 
invariant points Re, - --, R,, they ~(P-) points S;, S2, 

- ++, S, on H, and hence there are ,C2=q(q—1)/2 additional 
invariant lines of T. 

5. Special Cases of T when n=1. Choose I as the harmonic 
homology with center R and axis A. By taking R and Ain 
general position in 7, we produce the desired results by replac- 
ing m by the number one in the foregoing paragraphs. It is only 
when we choose R and A in special positions with regard to 0,, 
O, that the results must be altered. 
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Let A be the line 0,02. The order of T is 4. Since each point of 
A is invariant under J, 0,, Ox~(I) Oi, Oo~(P-") g1, ge. Hence 
every line of the plane field (gig2)~(T) the whole plane field 
(g:g2). 

Any line ¢ through O, meeting H at a second point A~(T) 
the two pencils A’g,, A’ge. A line ¢ tangent to H at O~(T) the 
plane field of lines (gige). 

A line ¢ of the regulus ky~(P) a line m in 7 through 0.~(J) 
another line m’ through O.~(P-') another generator m, be- 
longing to ki, and thus t~(T) the plane field (mg2). Likewise a 
line ¢ belonging to the regulus ke~(T) an entire plane field of 
lines. 

The entire plane field (g:g2) and the bundle (O) are invariant 
as well as singular under T. 

Now choose R at O; and A in general position in 7. Each line 
through R in z is invariant as a whole under J, and in particular 


0,02 ~ (1)0;02; O1 ~ O2 ~ (I) BY 


on 0,02. Any line ¢ lying in the plane gige meets g;, ge in points 
Az which points ~(P)0,, O2~(1)0O,, B/ ~(P-")gi, O; hence 
t~(T)g;. Since T is involutorial, g:~(T) the plane field 
(gige) -t=ge~(T) the pencil of tangents to H at O. 

Any line ¢ belonging to the regulus ke~(T) the whole plane 
field (égi:). Thus the regulus k2 is invariant as well as singular 
under T. Any line ¢ belonging to the regulus ki~(P) a linem 
through O.~(J) a line m’ through B/~(P-') the conic H, 
Om’. Thus t~(T) the plane field (Om’). 

The invariant lines of T consist of the plane field (OA), the 
pencil of tangents to H at O, the generator g; and the regulus 
ko. A like special case arises when we take R at O, and A in 
general position in 7. The results are readily obtained by inter- 
changing the subscripts 1 and 2 in the discussions in the fore- 
going paragraphs. 

By taking R in general position and A through O, but not 
through O2, we have a third special case of T when n=1. Now, 
the point O; is invariant under J but O0.~(J)B/, and O,02 
~(1)0O,Bi ~(P-") a generator b. of the regulus ke. Thus any 
line ¢ passing through O and meeting H at A~(T) the pencils 
A'be, A’g;. Any line ¢ tangent to H at O~(T) the plane field 
(beg). 
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Any line ¢ belonging to the regulus kz~(P) a line m through 
O,~(J) another line m’ through 0,~(P-") another generator 
m2 belonging to the regulus ke. Thus t~(T) the plane field 
(meg2). Any line ¢t belonging to the regulus ki~(P) a line q 
through O2~(J) a line q’ through B/ ~(P-) the conic H, Oq’. 
Thus t~(T) the plane field (Oq’). 

The invariant lines of T are the plane field (OA) and the line 
OR. Similarly we have a special case when A passes through 
O; and R is in general position. 

A fourth special case of T when n=1 is found by taking R 
at O, and A through O2. Both O, and O, are invariant under J 
but the other points of O,02 are not invariant. A line ¢ through 
O and meeting H again at A~(T) the two pencils A’g,, A’g». 
Any line ¢ tangent to H at O~(T) the plane field (gigs). 

A line ¢ belonging to ke~(T) the plane field (ég:), and a line 
t belonging to ki~(P) a line m through O.~(J) another line m’ 
through O.~(P-') another generator m, of ki. Thus t~(T) 
the plane field (mg). 

The invariant lines of T consist of the pencil of tangents to 
H at O, the plane field (OA), the generator g; and the regulus ke. 

By choosing »>1 and taking the F-points, the curve A, 
and the P-curves of J, in special relation to O,, O2, we can set up 
a limitless number of specializations of this transformation. 


CORNELL UNIVERSITY 


1934-] LEWIS’ SYSTEM OF IMPLICATION 425 


A REDUCTION IN NUMBER OF THE POSTULATES 
FOR C. I. LEWIS’ SYSTEM OF STRICT 
IMPLICATION* 


BY J. C. C. MCKINSEY 


C. I. Lewis assumes the following undefined ideas: 

1. Propositions: p, q, 7, etc. 

2. Negation: ~p. 

3. Logical product: pq, or p-q. 

4. Self-consistency or possibility: () p. 

5. Logical equivalence: p=q. 

In terms of the above ideas, he defines implication and equiva- 
lence as follows: 


11.02 
11.03 


i~ (p~ 4), 
<p. 


Lewis asserts among others the following symbolic postulates: 


44°54 pq: 

11.2 

11.3 

1125 

11.6 P<qq<r<-p<r. 


He allows the following operations: 

Substitution. (a) Either of two equivalent expressions may be 
substituted for the other. (b) Any proposition, or any expression 
which has meaning in terms of the undefined ideas, may be sub- 
stituted for p, or g, or r, etc., in any assumption or established 
theorem. 

Adjunction. If p has been asserted and g has been asserted, 
then pq may be asserted. 

Inference. If p has been asserted and p<q has been asserted, 
then g may be asserted. 


* Symbolic Logic, by Lewis and Langford, pp. 123-126. 


= 
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I show as follows how postulate 11.5 may be deduced from 
11.1, 11.2, 11.3, and 11.6. 


THEOREM 1. p<p. 


[11.3] <>pp (1); 

[11.2, pp<p (2); 
q 

11.6, < pp <pi<-p<p (3); 

[(1), (2), (3)] 


which was to be proved. 
THEOREM 2. pg =qp. 


q 

[11.1] bq < 9p (2); 

[(1), (2), 11.03] pq = 9b, 


which was to be proved. 


THEOREM 3. ~~p<p. 


Th. 1, =| (1); 
[(1), 11.02 ~)(~p~~p?) (2); 
p q 

[(2), (3)] (4); 
[(4), 11.02] <P, 


which was to be proved. 


THEOREM 4. p< 


[Th. 3,] p<p (2); 


p 
| 
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[(1), (2), 11.6] (3); 
[(3), 11.02] (4); 
p q 

~~ (5); 
[(4), (5)] (6); 
[(6), 11.02] ~p<~~~? (7); 
[m3 =| (8); 
[(7), (8), 11.03] ~p=~~~? (9); 
[Th. 1, 11.02] ~) (b~?P) (10); 
[(10), (9)] (11); 
[(11), 11.02] p<~-~?, 


which was to be proved. 
Theorem 4 is Lewis’ postulate 11.5. 
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NOTES ON THE AIRY STRESS FUNCTION 
BY J. H. A. BRAHTZ 


1. The Expressions for the Components of Stress. Problems in 
plane stress and plane strain are usually best treated by use of 
the Airy stress function even when body forces exist. It has 
been customary to express the stresses as follows: 

07A 


al 2 axdy 


where C,; and C, are components of the uniform body force C 
per unit volume acting at an angle 6 with the x-axis. Hence 


C, = C cos B, C,=C sin B. 


It will be found that an arbitrary function A(x, y) will satisfy 
the equations of equilibrium for a rectangular element dx dy: 


= 
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OT, 00 OTz 


(2) 
Ox oy y Ox 


+C,=0. 


In order to be compatible with the generalized Hooke’s law, 
A must be a solution of the equation 


2 
(3) = 
In polar coordinates the stresses are defined by the equations 
1 OF 
= = — Cr cos (6 — B), 
(4) a9 = = — Cr cos (@ — 8), 
Or? 
0 OF 


These satisfy identically the equations of equilibrium for an 
element r dr dé: 


— — (re, ——-— os (6 — 8) = 0, 
r or ig r 06 r 

(5) 
r? Or r 06 


Again F must be a solution of the equation 


vF =(—+— — = 
or? r or 7°06? 


If A and F have been completely determined for the same 
set of boundary conditions, with the same origin and x-axis, it 
can be shown that 


1 1 
(7) P=A+— +— Cay? 


It is convenient to have the same Airy function in both sets of 
coordinates. This is possible only if the expressions for the 
stresses in rectangular coordinates are changed to the following 
form: 
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°F 
(8) = ay? — Cry, 9x2 — Cyx — Cry, [= andy 


In this manner the stresses may be obtained in cartesian as 
well as polar coordinates by the same function F, and the danger 
of making serious errors when body forces exist is eliminated. 


2. Convenient Forms for Boundary Conditions. CAsE 1. 
No body forces exist, that is, C=Cy=C.,=0. We have 
(9) d— =—dx+ dy, d—= x+ 
Ox Oxdy Oy dy? 


Integrating along the boundary from A to B in the direction 
(X Y), and substituting the definition (8), we obtain 


Fs) B B B OF B B B 
[=| = f oydx — f dy, =| f ody — f 
A A oy 1A A A 


But, on the boundary, = —Qds, o,dy—tdx =+Pads, 
where P and Q are the components of the boundary forces per 
unit of contour. If the origin is placed at A, it is always possible* 
to make 


(10) (Fa = (=) ‘i 3) 


Then 
OF B OF B 
(11) gas=-y, —=+ Pis= +X. 
Ox A oy A 
Again we have 
OF OF 
(12) dF = —dx + —dy; 
Ox Oy 


and, integrating along the boundary from A to B, and making 
use of (10) and (11), we find 


(13) F=M. 


The quantities X, Y, and M are, respectively, the projection on 


* This question is treated in Riemann-Weber, Differentialgleichungen der 
Physik, vol. 2, but stipulation (10) is not made clear. 
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the X-axis and Y-axis, and the moment about B, of all boundary 
forces between A and B. Equation (11) may be replaced by 
the equation 

oF 


oF 


14 — 
(14) On Ox 


where a is the angle between the x-axis and the outward normal 
to the boundary. If point B is reached by going along the 
boundary in the negative direction, the sign of the quantities 
must be reversed. 


CasE 2. Only body forces exist, that is, X = Y= M=0. Again 
substituting definition (8) with C0 into (9), and making use 
of (10), we find 


OF B 

—= f (Cix + Coy)dx = R, 
(15) Ox A 

OF B 

—= f (Cix + Coy)dy = S, 

oy A 
or 

OF 

— = Rceosat+S sina. 

on 


Likewise, by (12), 


B B Cix* Coy? 
(16) F= cf f adydy + c.f f ydudx + : + = 
A A 


Problems in plane stress or plane strain are thus reduced to 
the determination of a function F which is a solution of V‘F =0 
and satisfies the boundary conditions given by (11) to (16). 


DENVER, COLORADO 
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ON ALGEBRAIC VARIETIES OF k DIMENSIONS 
IN SPACE OF r DIMENSIONS 


BY B. C. WONG 


An algebraic k-dimensional variety V; which is the locus 
of «* points and not the locus of *~* h-spaces, where h>0, 
possesses numerous characteristics. Certain 2k of these will be 
regarded as essential and all the others may be expressed in 
terms of them. Besides the order, 1, of the variety, we shall 
define the other 2k—1 essential characteristics in the following 
manner. 

Consider V; as belonging to an r-space S,. A general (r —k+2)- 
space S,_:4:[1<t<k] of S, intersects V; in a V;. The 2-1 
tangent lines of this V; form a variety W2; of 2¢ dimensions. Let 
jt be the order of W2:, that is, the number of tangent lines of V, 
that meet a given (r—k—Z#)-space of S,i+:. If V; is projected 
upon a (2¢—1)-space of S,x4:, the projection will have 7; pinch 
points. 

Now an (r—k-+t—1)-space of S,-4;: intersects the k-dimen- 
sional variety V;in a V;_1. If Vs_1 possesses a conical point, we 
say that the (,—k-+t—1)-space is tangent to V;. The number 
of tangent (,—k+#—1)-spaces of V; passing through a given 
(r—k+t—2)-space of S,_:4+is finite. Denote this number by m;. 
We say that m, is the class of V;. Obviously, m, =f. 

Thus, we have defined 2% of the characteristics of the variety 
Vi: ji, joy Jk} Mi=fi, M2, - , We regard these as 
essential. 

Our present knowledge of k-dimensional varieties is practi- 
cally nil, except for the case where k=2 and for the case where 
the varieties are loci of 1! (k—1)-spaces. In this note our pur- 
pose is to call attention to the fact that, if V; is the complete 
intersection of r—k hypersurfaces, k—1 of the 2k essential char- 
acteristics can be expressed in terms of the remaining k+1.We 


find it convenient to express me, m3, - - - , m, in terms of m and 
Jas » Je 
Let the r—k hypersurfaces be of orders m, m2, - - + , M;—x, re- 


spectively. Then =m - - - n,~. By the methods of analytic 
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geometry, we find that the values of the j’s and m’s are, writing 

a; for n;—1, 


where 


--- 

It is not difficult to see that if we eliminate the a’s from these 
equations, we have all the m’s expressed in terms of m and the 
j’s. We shall give the values for a few of the m’s: 

nm, = jr — Nje, 

= j® — 2njrje + n*js, 

nim, = jit — 3njrjet+ + 2n*jijs — 

n'ms = — 4njPje + + — 2n*jojs 
— + 

nm, = — Snjtje + + 7? — — 
— 74 — + 2n*jojs + 2n*fijs — 


THE UNIVERSITY OF CALIFORNIA 
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ON THE FINITENESS OF THE CLASS NUMBER IN A 
SEMI-SIMPLE ALGEBRA* 


BY C. G. LATIMER 


1. Introduction. Let A be a rational semi-simple algebra of 
order m and let G be a domain of integrity of order m in A, ac- 
cording to Dickson’s definition. t In a recent paper,{ Miss Shover 
showed that if A is a division algebra, the number of classes of 
left ideals in G is finite. She used the definitions of an ideal and a 
class of ideals as given by MacDuffce.§ We shall extend this result 
to any A. Since Miss Shover also showed that there is a one-to- 
one correspondence between the classes of left ideals and the 
classes of right ideals in G, it will be sufficient to prove the theo- 
rem for right ideals. By applying this result, we shall obtain a 
theorem on similar matrices. 

Artin proved the finiteness of the right ideal class number for 
a maximal ordnung in A, using a different definition of an ideal 
and a class of ideals.|| Every domain of integrity of order n is 
an ordnung. An ordnung is a domain of integrity of order n if 
and only if it contains the modulus of A. In particular, every 
maximal ordnung is a domain of integrity of order 7. Every non- 
singular ideal according to MacDuffee is an ideal according to 
Artin and if 8 is an element and K is an ideal in G, MacDuffee’s 
and Artin’s definitions of their norms N(8), N(K) are the same. 


2. Proof of the Theorem. The only place in her paper where 
Miss Shover employed the hypothesis that A is a division al- 
gebra was in obtaining, for left ideals, a result equivalent to the 
following, which was proved by Artin for the case where G is 
maximal. 


Lemma 1. There is a positive number C, depending only on G, 


such that if K is a non-singular right ideal in G, there is an element 
B in K for which 


* Presented to the Society, December 27, 1933. 

{ Algebren und ihre Zahlentheorie, p. 155. 

t This Bulletin, vol. 39 (1933), pp. 610-14. 

§ Transactions of this Society, vol. 31 (1929), pp. 71-90. 

|| Abhandlungen, Mathematisches Seminar, Hamburg, vol. 5 (1927), pp. 
251-289. 


| 
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0 < |N(6)| CN(K). 


There is a maximal domain Gp containing G.* Consider the 
following lemma. 


LEMMA 2. Lemma 1 is valid if it is valid when G is replaced 
by Go. 


This lemma was proved by Artin, using a different notation, 
for the case where G and Gp are both maximal.f However, the 
present lemma may be proved by exactly the same argument as 
that made by Artin. 

But by Artin’s Theorem 17 (p. 283), our Lemma 1 is valid 
for Go. Lemma 1 follows. 

Let K be a non-singular right ideal in G and let 6 be an ele- 
ment in K satisfying the conditions of Lemma 1. Following Miss 
Shover’s proof, we find that the transpose of the first matrix of B 
is R(8) = MG, where G is the matrix of K and M is a matrix 
with integral elements. Noting that | R(B)| = N(8)+0 and let- 
ting +| M| =m>0, we have 


0< 


N(8)|-= +|M| - |G| = m-N(K) S$ C-N(K). 


Furthermore, the adjoint of M is the matrix of an ideal L, in 


the same class as K. Then by the last of the above inequalities, — 


we have 
0< AD) = 


Hence every class of ideals contains a non-singular ideal with 
norm <C*-!. Since there is only a finite number of ideals with 
norms equal to a given positive integer, we have the following 
theorem. 


THEOREM 1. The number of classes of right ideals in G is finite. 


3. An Application of Theorem 1. It will be understood that 
all matrices referred to are square matrices of order with in- 
tegral elements. Two matrices, A and Au, are said to be similar 
if there is a unimodular matrix Z, such that 41=ZAZ-—}. All 
matrices similar to the same matrix are said to form a class. Two 


* Artin, loc. cit., p. 265. 
t Loc. cit., pp. 283-284. 
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matrices are similar if and only if they belong to the same class. 
Let 


f(x) = + --- + ha, 


where the k’s are rational integers, k,~0, and f(x) =0 has no 
multiple roots. If A is a matric root of f(x) =0 and is non-de- 
rogatory, that is, is not a root of an equation, with rational coef- 
ficients, of lower degree, the same is true of every matrix similar 
to A. It is known that there is a one-to-one correspondence 
between the classes of ideals in a domain of integrity in a cer- 
tain commutative semi-simple algebra and the classes of non- 
derogatory matrices which are roots of f(x) =0.* We have there- 
fore, by Theorem 1, the following result. 


THEOREM 2. The number of classes of non-derogatory similar 
matrices which are roots of f(x) =0 is finite. 


THE UNIVERSITY OF KENTUCKY 


KASNER’S CONVEX CURVES} 
BY MORRIS HALPERIN 


1. Preliminary Discussion. A Kasner convex curve is the 
limit of a sequence of simple, closed, convex polygons, Po, ---, 
P,, - - - , each of which has a finite number of sides and is ob- 
tained from the preceding one by measuring off the rth part of 
the length of each side from both its ends and cutting off the 
corners. The number r is restricted to the inequality 0<r<1/2. 
To obtain an analytic definition for the curve, we proceed as 
follows. We note that the centroid of the vertices of Pp is also 
the centroid of the vertices of every P,. Hence G is interior to 
every P,. Let 2,(#) be the intersection of a ray from G of in- 
clination ¢ with the polygon P,. The sequence of functions 
{zn(é)} will be found to converge uniformly to a function 2({t). 


* Latimer and MacDuffee, A correspondence between classes of ideals and 
classes of matrices, Annals of Mathematics, (2), vol. 34 (1933), pp. 313-316. 

¢ Presented to the Society, February 25, 1933. Another paper will follow 
in which additional properties of these curves will be discussed; particularly 
their second derivatives, their non-analytic character, and their areas. See this 
Bulletin, Abstract 39-3-68. 
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The curve defined by this function for 0 << 2zr, is found to be 
simple, closed, continuous, and convex. We shall call this curve 
a Kasner convex curve. The symbol K will be used to represent 
this curve. 

By the M-points of P,, we shall mean the midpoints of the 
sides of P,,. It is easily verified that: 

1. Every M-point of P, is an M-point of P,.1, and hence of 
P...» for every positive integral value of ». Consequently, every 
M-point of every P, is a point of K. 

2. If Qisa non-M-point of P,, a number p exists such that Q 
is exterior to P,;,. Since every point of K is on or within every 
Pip, it follows that Q is not on K. 

3. The maximum distance between two successive M-points 
of P, decreases to zero as m increases to infinity. Hence the 
M-points of all the P, form a set dense on K. 

If a point is such that it is the vertex of some P, at which 
the interior angle of that P, is no greater than a right angle, it 
will be called a point of the set W. Furthermore the set W has 
no other elements. If the set W exists and has limit points, these 
limit points are points on K. In this paper we shall prove the 
following theorems.* 


THEOREM 1. For r<=1/3, K has a unique tangent at every point 
which is not a limit point of W. Hence, except at such limit points, 
the inclination of the tangent is continuous. 


THEOREM 2. For 1/3<r<1/2, the right-handed and left-handed 
tangents to K at an M-point do not coincide. 


THEOREM 3. For 1/3<r<1/2, if g:i) is the exterior angle be- 
tween the tangents to K at M,i) which is either an M-point or a 
limit point of W, then 2g. =2x. Hence at all other points, K has a 
unique tangent. The inclination of the tangent is continuous on 
the set on which it is unique. Also, the linear point set whose ele- 
ments are the inclinations of the tangents to K (both left-handed 
and right-handed where different) is a non-dense perfect set of zero 
measure. 


2. Tangents at M-points. Let O be an M-point of P,. We shall 
use the symbols O, 29, 20(2), z0(3), - - - , zo(t—1) to represent 


* Some of these results were first obtained by L. Lawrence. See this Bulle- 
tin, vol. 39, p. 40, Abstract 39-1-63. 
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the M-points of P, in regular counterclockwise order. Similarly, 
the symbols O, 2,, 2.(2), 2n(3), - - - , 2n(2"t—1) will be used to 
represent the M-points of P,,, in regular counterclockwise or- 
der. Thus we may write 
Zn(S) = Zn41(25). 
That vertex of P,,, which is included between z,(s—1) and 
z,(s) will be represented by the symbol w,(s). We shall write w, 
in place of w,(1). Let O be the origin of coordinates. We now 
have 
= (1 — 2r)w,, 
(1) Wn41(2) = 2rz, + (1 — 2r)w,, 
= + = 12, + (1 — 27r)w,. 
Now let 
1 — 2r)"*1 — (1 — 2r)r” 
R(n) = \ ( » forr # 1/3, 
(2) 1 — 3r 
R(n) = (1/3)"n, for r.= 1/3. 


We now prove, by induction on 2, the relations 

(3) Wy = (1 — 2r)"wWp, Zn = + R(n) wo. 
Henceforth, we shall let Ow, be the x-axis. We shall assume 

that the interior of P, is above the x-axis. We note that if K has 

a unique tangent at an M-point 2,(s) of Pjin, the side (w,(s), 


W,n(s+1)), of which z,(s) is the midpoint, must be that tangent. 
Thus K has a unique tangent at O only if 


(4) 
at O. But, setting 
Zn(S) = Xn(s) + tyn(s), Wels) = tn(s) + 


we have at O, 


Yn 
5 = lim— = lim———————_ 
(6) y/ =0, at O,r < 1/3. 
Ryo 
(7) yf = at O,r > 1/3, k = 3 — 1/r. 


+ (1 uo 


= 
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Results similar to (6) and (7) may be obtained for y_’ at O. 
Since P, is an arbitrary polygon of the sequence {P,.} and since 
O is an arbitrary M-point of P,, Theorem 2 follows as a conse- 
quence of the inconsistency of (4) with (7). We may state also 
the following theorems. 


THEOREM 4. For r<1/3, K has a unique tangent at every 
M-point. This tangent is the side of P, of which the M-point is 
the midpoint. An M-point cannot be a limit point of W in this 
case. 


THEOREM 5. For r>1/3, the right-handed tangent to K at O 
divides each of the half-sides woZ,---, Wn2n, tm the ratio 
k/(1—k). A similar result holds for the left-handed tangent at O 
and for the right-handed and left-handed tangents at every M-point. 


3. Tangents at Non-M-points; r <1/3. We shall now complete 
the proof of Theorem 1. Let z be a non-M-point of K. For every 
non-negative integer m, there exists an s such that z is on that 
arc (z,(s—1), 3m(s)) of K which is inscribed in the angle at 
Wm(S) Of Pam. If z is not a limit point of W, we can find an m 
so large that the interior angle of P,,, at the corresponding 
Wm(S) is greater than a right angle. By a proper choice of g and 
O, we can make m=0, s=1. Hence the interior angle at wo is 
greater than a right angle. Let 


Ca(S) = amp (w,(s + 1) W,(S)). 


Now ¢o, the exterior angle of P, at wo, is less than a right angle. 
Let a and J, respectively, be the left-handed and right-handed 
tangents to K at z. In virtue of Theorem 4, Theorem 1 will be 
proved if it is shown that a=) for r<1/3. 

Assume a+b. Hence a<b. Now C, the set of all the values 
of the c,(s), has no point interior to the interval (a, b). Let 
(a’, b’) be the largest subinterval of (0, cs) which contains (a, b) 
and which is such that none of its interior points are points of C. 
Choose an ¢ such that 


r(b’ — a’) >e>0. 
There exists an NW so large that the inclinations of a certain pair 


of successive sides of P,,» differ from a’ and b’, respectively, by 
less than e. Without any loss of generality, we may assume that 
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N=0, and that the two sides of P, whose inclinations differ from 
a’ and b’ by less than ¢ are the sides which meet at wo. Hence 


e>é 206 >a—e. 


We now have for every 1, either 


(8a) Co = = 
or 
(8b) 0: 


We shall prove that if (8a) holds for »=1, (8a) holds for 
every n. Hence, since 


= Zn, 
we shall have at O 


(9) y/ = lim tan amp z, 2 tan 6’ > 0. 
no 
This contradicts (6). Likewise, the assumption that (8b) holds 
for n=1 leads to a contradiction of Theorem 4 for the left- 
handed tangent at Zo. 
Assume (8a) for some ”. From triangles (O, wa, 22) and 
(O, Wn-1, Zn-1), we have 


Vn r SiN SIN Cp 


Xn COS Cp + (1 — 27) sin — Cn) 


r tan tan Cp 
= >rtanc, > tane. 
(1 — r) tan — (1 — 2r) tanec, 


Comparing this result with (8a) and (8b), we conclude that 
(8a) holds for every n if (8a) holds for »=1. This completes the 
proof of Theorem 1. 


4. Tangents at Non-M-points; r>1/3. We shall now proceed 
to prove Theorem 3. Let a,(s) and b,(s), respectively, be the in- 
clinations of the left-handed and the right-handed tangents to 
K at z,(s). Also let 


gn = >. (an(s) — ba(s — 1)). 


s=1 


tan ay = 
(10) 
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It will suffice to prove that, if c9<#/2, then 
lim g, = 0. 


Noting that the interior angle of P,,, at w,(s) is less than either 
of the interior angles of Pyin41 at Wn41(2s—1) and we 
say that it will suffice to prove that 


(11) gi < €Qo, 
where 
e = 1 — k* cos’ k=3-1/r. 


Let 5(0) be the inclination of the right-handed tangent to K 
at O. Recalling Theorem 5, we write 


k sin cy sin Co 


tan b(0) = — , 
(12) k sin cy cos Co + sin (co — 
h sin sin Co 
tan a; = ’ 
h sin cy cos co + sin (co — €1) 
where 
1>hA=r7/(1 —2kt+r) =1/(1 —kA)R+1)>k>O, 

(13) tanc;— tana, 1— h tan co — (1 — tangy 


tan c, — tan 6(0) k tan co — (1 — A) tan cy 
Applying the law of the mean, we get 

Cy — > cos? co(tan — tan 
(14) — < tan c, — tan b(0), 

a, — b(0) = — b(0)) — (cr — a1) < — B(O)). 
Likewise 

ao — by < e(ay — 1). 

Adding, we get 
(15) (a, — b(0)) + (ao — bi) < — 5(0)), 
which is precisely (11). 


CoL_uMBIA UNIVERSITY 
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AN INVOLUTORIAL LINE TRANSFORMATION DE- 
TERMINED BY A BILINEAR CONGRUENCE OF 
TWISTED ELLIPTIC QUARTIC CURVES* 


BY VIRGIL SNYDER AND J. M. CLARKSON 


1. Introduction. Let there be given two elliptic space quartic 
curves a, 8, bases, respectively, of the two pencils of quadrics 
H,—aH,=0, and K,—8K2=0. The curve C;(a, 8) of intersection 
of a quadric of one pencil with one of the other meets each of a, 8 
in 8 points. As the parameters a, 6 take on all values indepen- 
dently, Ci(a, 8) describes a system of ~ 2 (a congruence of) ellip- 
tic space quartics. Through an arbitrary point (~) passes just 
one Ci(a, 8), namely that for which a=H,(u)/H2(u) and 
B= Ki(u)/Ke(u). 

A quadric of the system 


(1) (H, — — p(Ki — = 0 


is determined by three independent linear relations among a, 8, 
p, hence by any three points of space. If these three points be 
chosen on a straight line ¢, then the quadric of (1) determined 
by the three points contains ¢ as a generator. Thus ¢ is a bisecant 
of every elliptic quartic lying on the quadric. But the values 
of a, B so determined fix a C,(a, 8) of the congruence and it lies 
on the quadric of (1). Hence an arbitrary line ¢ of space is bi- 
secant to just one C,(a, 8). 

Now, let y=) j-1c;:=0 be an arbitrary fixed plane. Any 
line ¢ meets y ina point P. The quadric Q(#) of (1) which con- 
tains ¢ as a generator has another generator ?¢’ also passing 
through P, and ?’ is likewise bisecant to the C,(a, 8) deter- 
mined by ¢. The line transformation t~?#’ is involutorial and 
birational. It is the purpose of this paper to study this involu- 
tion I.f 


* Presented to the Society, March 30, 1934. 

+ A brief synthetic outline, mostly without proofs, of parts of this paper 
is given by J. de Vries: On an involution among the rays of space, which is de- 
termined by a bilinear congruence of twisted elliptical quartics, Proceedings 
Koninklijke Akademie van Wetenschappen te Amsterdam, vol. 22 (1919), pp. 
493-496. 


= 


442 VIRGIL SNYDER AND J. M. CLARKSON [June, 


2. The Order of the Transformation. Let the Pliicker coordin- 
ates of t be y; and those of #’ be x;, (¢=1, 2, - - - , 6). The point P 
in which ¢ meets y has coordinates which are linear in y;, and 
any other two points A, B on ¢ have coordinates each linear in 
¥;. The quadric Q(#) of the system (1) containing ¢ as a generator 
is 


+ [H2(y)K2(y)Ki(z) — Ki(y)K2(2)] = 0, 


where 

H\(A,B) H(A)  4H,(B) 
Hi(y) =| Ki(A,B) Ki(A) K,(B)|, 
K(A,B) Kx{A)  K,(B) 


HAA, B) H(A) 4H,(B) 
Hx(y) =| Ki(A,B) K,(B) |, 
K(A,B)  K,(B) 


K,(A,B) KA)  K,(B) 
Ki(y) =| Hi(A,B) |, 
H{A,B) 
K,(A,B) K2x(A)  K,(B) 
Kx(y) =| H(A, B) |. 
H{A,B) 


The parameters \, pw of the two reguli on Q(#) are each of 
degree 12 in y;. The Pliicker coordinates of a generator of the 
\-regulus are of degree 2 in \ and those of a generator of the 
p-regulus are of degree 2 in uw. If now we consider ¢’ as being 
of the \-regulus and ¢ of the y-regulus, we have 


(3) tx; = oi(y), (i 1, 2, 6), 


where the ¢; are functions of degree 24 in y;, and £ is a constant. 
Thus the line transformation (3) =i~? is of order 24. 


3. The Singular Lines of the Transformation. Suppose the line 


— 
= 
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a to be bisecant to the fixed quartic a=H,=H,=0. There is 
one quadric of the pencil H,—aH.,=0 which contains a as a 
generator. Through each point of a passes just one quadric of 
the second pencil K,—8K2=0, and hence a is bisecant to ©! 
C.(a, B) of the congruence. However, since the conjugate a’ of 
a in J must pass through the point where a meets X, a’ is unique- 
ly determined and is bisecant to only one of the ©! C,(a, 8) 
met twice by a. Thus a is not singular in J. Also, the lines b 
bisecant to the fixed quartic 8=K,=K.2=0 are not singular. 

Can there exist a line s not bisecant to either fixed curve a, 8 
and yet bisecant to ©! C,(a, 8) of the congruence? 

Let (u) be a fixed point of space. It determines the quadric 
A(u) =H,(u)Ai(z) —Ai(u)H2(z)=0 of the first pencil and 
K(u) =K.(u)K,(z) —K,(u)K.2(z)=0 of the second. H(u) and 


K(u) meet in C,(u). Let (v) be any other point on C,(u). Then 
(4) { H2(u)Hi(v) — Hi(u)H2(v) = 0, 
K2(u)Ki(v) — K,(u)K2(v) = 0. 


Let Au+ 7 be a fixed point on the line s=(u)(v). The quadric 
H(X\u+jv) determined by it meets s in another point \u+wyz, 
where 


{ A= H,(u, v) — H,(v) H2(u, »)], 
= d[H2(u)Hi(o, u) — Hi(u)H2(0, 
If K(Au+ also passes through Au+yv, we have 
H2(v)H,(u, v) — Hy(v)H2(u, v) 
H.(u)H,(v, u) — Hy(u)H2(2, u) 
K2(v)K,(u, v) — Ki(v)K2(u, 2) 
Ke(u)Ki(o, — Ki(u)Ka(0, 


(6) 


which is independent of the ratio \/z. Thus if (6) and the pre- 
ceding conditions are satisfied, every C,(a, 8) of an entire pencil 
has s as a bisecant. Hence s is fundamental in J. 

From (4), we have 


{ H,(u)/H2(u) = H,(v)/H2(v) = 2, 
K,(u)/K2(u) = K,(v)/K2(v) = q. 
Substituting (7) in (6) we have 


(7) 


= 
= 
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(8) H.(v)/H2(u) = K2(v)/K2(u), 
provided H,(u, v)*pH.(u, v) and K,i(u, v)¥qK2(u, v). Thus, 
from (8) and (7), we have 
Ay(u) Ki(u) Ke(u) 
or, if H,(u, v) =pH2(u, v) and K,(u, v) =qK.2(u, v), 

Hy(u) Hiv) Ayu, v) 

H2(u) H2(v) H.(u, 

Ki(u) = Ki(v) (u, 2) 


(9) 


(10) 


But the first line of (10) states that the entire line s lies un 
H(u) and H(v), while the second line makes a similar statement 
concerning K(u) and K(v). Thus every C,(a, 8) of the pencil 
\/@ has s asa component, and \=yu=0. Hence the involution on 
s is established by the equations (9). 

Now let the point (w) be an arbitrary point of space. If (9) 
are satisfied, then (v) must be one of the base points of a net of 
quadrics, another of which base points is (uw). Hence, through 
an arbitrary point of space pass 7 fundamental lines s of I. 

Since depends linearly on the two pencils C,(Au+yz) 
and C;(Au+ gv) of quartics of the congruence are projective. 
These curves generate a quartic surface F, which contains the 
line s. A plane z through s meets each C, of the two pencils 
in two other points, each of which determines the other unique- 
ly. This involution in 7 is rational and hence must be central. 
The residual intersection of Fy by 7 is a cubic 73 generated by 
the pairs of points of the involution. The lines ¢’ in m7 pass 
through a point P on 73. As 7 turns about s, P describes a curve. 

Among the quadrics of the pencil 


(11) (HM, — — — = 0, (u projective with 


one contains s. This quadric meets F; in s and a residual curve 
C;, which is the locus of P. The curve C; is a space cubic meeting 
s twice. C; and s form the base of a pencil of quadrics each of 
which meets F; again in a C;(a, 8) of the original congruence. 
From any point on s, say Q, in any plane 7 through s passes 
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one line of the pencil through P. Thus Q is the vertex of a cubic 
cone with s as double generator, each generator of which meets 
some C,; of the pencil twice. Hence s is singular in J. Also, 
since an arbitrary plane @ meets s in some point Q, in @ there 
lie 3 bisecants of curves C, of the pencil. Thus, the fundamental 
lines s form a congruence (7, 3). 

Through an arbitrary point P of the plane y passes one 
C,(a, B). The bisecants of this C,(P) through P generate a 
cubic cone every generator s* of which is the conjugate in I of 
any one of them. These lines s* are therefore fundamental of 
the second kind and are also on the locus of invariant lines of J. 
They form a complex whose order is discussed in §5. 

Any line ¢, in the plane y is bisecant to one C,(a, 8). The 
bisecants of this C,(t,) which meet ¢, belong to one regulus 
of the quadric Q(t,) of (1) and t, belongs to the other regulus 
of Q(t,). Thus the conjugate of t, in J is this quadric regulus, 
plus the two cubic cones of the complex (s*) whose vertices are 
the points where t, meets C,(t,). The plane field [y| of lines is 
fundamental. 


4. The Invariant Lines of the Transformation. The invariant 
lines of (3) form a complex whose order is discussed in §5. 


5. Conjugates in I of a Pencil, a Bundle, and a Plane Field of 
Lines. Given a pencil of lines (T, 7). Each line ¢ of the pencil 
is bisecant to one C,(a, B). We shall define the order of the sur- 
face y generated by C,(t) as ¢ describes (T,r). 

Let P be any point on the fixed curve a. Through P pass 
«1 C,(a, B), the intersections of the quadric K(P) and the 
pencil H,—aH.,=0. The quadric K(P) meets7 in aconic. The 
pencil H,—aH2=0 meets this conic in the groups of an Js, the 
points of each group lying on a C; of the system. Let A be any 
point on the fixed conic K(P), r. The conic H(A), r meets the 
fixed conic in A and three other points A’. The line TA meets 
the fixed conic in one other point B. How often does B coincide 
with one of the points A’? 

Let f=0 be the conic K(P), r, and ¢6—Ad’=0 be a conic of 
the pencil. Through the points of intersection of f and ¢—)d¢’ 
pass a third conic through T: 


(12) — Add) — fold — = O. 
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When (12) is composite one component passes through T and 
meets a C, of the ©! C, through P. The discriminant of (12) is 
cubic in A, and hence there are three lines of (J, 7) each a bi- 
secant to one C, of the pencil through P. On the surface y the 
fixed quartic a is triple. In like manner £ is also triple. 

The quadric K(P) meetsy in the three generating C, through 
P and in the curve 8 counted three times. Thus the order of the 
complete intersection of K(P) and y is 24. Hence y is of order 
12. 

Each line of (T, 7) meets its associated C, in two points. 
There is one C,(a, 8) passing through T. This C,(T) meets 7 in 
three other points each of which makes with T a corresponding 
pair. Hence T is triple on the locus of associated pairs, and this 
locus is therefore a plane quintic 75: T*. The quintic 7; passes 
through the four points a, 7 and the four points 8, r. 

If (LZ, X) is any other pencil of lines and \; the corresponding 
quintic curve, then A; meets ¥;2 in 60 points, 12 of which are on 
a and 12 on 8. The other 36 points must be arranged in 18 
pairs. The pencil (LZ, \) then contains 18 bisecants of the C, 
which generate ¥:2; hence the bisecants of the © C, having each 
one bisecant belonging to a given pencil (T, 7) form a line complex 
of order 18. 

The curve 7s discussed immediately above meets the line 
T, yin 5 points P, and hence the pencil (7,7) contains 5 lines s* 
(see §3). Thus the complex (s*) is of order 5. It is the locus of 
invariant lines of the transformation (3). 

We shall now determine the order of the ruled surface ¢, 
conjugate under J of the pencil (T, rT). The lines ¢ of (T, 7) 
meet y in the points of 7, y. The curve 75, locus of the pairs 
of points in which ¢ meets its associated C,(a, 8), meetsr, y in 
5 points Po, the conjugate of t through each P) being the genera- 
tors of an elliptic cubic cone, vertex at Po. Through each point 
of 7, y other than Pp» passes only one generator of ¢, and hence 
T, Y is a simple directrix of ¢. Thus the order of ¢@ is one more 
than the number of lines in which an arbitrary plane through 
T, Y meets ¢ (other than 7, y itself). When ¢ is given a C,(a, B) 
is fixed. This C,(#) meets 7 in 4 points, two of which are on ¢, 
the other two on a line / meeting ¢. As ¢ describes (T, 7), the line 
lenvelops a conic and the point #, 1 traces a cubic curve in r. This 
cubic meets 7, y in three points Qo at each of which /=?’. Thus 
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T meets ¢ in five lines TPo, three lines TQo, and in the line 7, y. 
Hence ¢ is of order 9 and the conjugate under I of an arbitrary 
plane pencil (T, Tr) is a composite ruled surface of order 24 con- 
sisting of a rational ruled surface of order 9 and five elliptic cubic 
cones. 

A bundle of lines [M] with vertex M is transformed by I 
into a congruence. An arbitrary line ¢ of [M] is bisecant to just 
one C,(a, 8); through an arbitrary point N pass two bisecants 
Uj, Ue of this C,(¢). The line ¢ meets y in a point P and 1, u2 
meet ¥ in two points Q;, Qe. Then Q;, Q2 correspond to P. To 
each point Q correspond two points P;, P2. Thus there is set 
up in y a (2, 2) correspondence. Whenever it happens that P 
coincides with either Q, or Qe, then the conjugate of ¢in I is the 
line “1 or u%2. Since N was chosen arbitrarily, there can be in 
general only a finite number of such coincidences in y. Now, 
as P describes a line in , the line ¢ describes a pencil of | M| and 
we have seen (§5) that the bisecants of the C,(a, 8) to which 
the lines of a pencil are bisecants form a complex of order 18. 
Hence Q; and Q:2 describe a curve of order 18 in y. The number 
— of coincidences in an (a1, a2) correspondence in a plane is 
given by 


(13) 


where 8 is the number of points Q on an arbitrary line whose 
corresponding points P lie on another arbitrary line, 7 the 
order of the curve each point of which is a coincidence, and ¢ 
the class of the curve of coincidences. t Thus in our case we have 


(13’) €=2+2+18—0-—0= 22. 


Hence the order of the congruence which is the conjugate under 
I of [M] is 22. 

The curves C,(a, 8) having lines of [M ] as bisecants generate 
a surface of order 5 (see §5, fifth paragraph). Hence in y there 
is a curve Ys each point of which is the vertex of a cubic cone of 
singular lines s* (§3). These lines s* are also invariant under J 
and hence through M pass all of the generators of a quintic cone 
each of which is invariant. Thus M is a singular point of fifth 
order for the conjugate congruence. 


H. G. Zeuthen, Lehrbuch der Abzihlenden Geometrie, pp. 271-274. 
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Let uw be an arbitrary plane of space, v the plane through 
M and y, p. To each line ¢ of [M] correspond six bisecants of 
C,(t) lying in p. Let Q:, Qe, - - - , Oe be their points of intersec- 
tion with y, u, and let P be the point where ¢ meets y. We say 
that Q:, -- - , Qs correspond to P. The line complex of order 18 
corresponding to the pencil (Q, wu) has 18 lines in the pencil 
(M, v); thus to each Q correspond 18 points P. All of the points 
Q lie on y, wu and hence as P describes a straight line in y there 
will be in general no points Q on an arbitrary line in y. Formula 
(13) then becomes 


(13’’) 24. 


The class of the congruence conjugate to [M] is 24. 

The transformation (3) is involutorial, and so the order of 
the congruence conjugate to an arbitrary plane field [y] is 
24, the number of lines common to the conjugate of an arbitrary 
bundle [1] and to the plane field [uv]. The class is found as 
follows. The only lines ¢ in » whose conjugates ?¢’ can lie in an 
arbitrary plane vy must pass through the point O=7; yp, v and 
the lines ¢’ must also pass through O. The ruled surface dau 
conjugate to the pencil (O, u) breaks up into the pencil (O, p), 
the cubic cone that projects C,(O) from O counted three times 
(once for each of the three generators belonging to (O, w)) and a 
cone of order 14. Hence in yr lie 23 lines ¢’ conjugate to lines ¢ 
in p. Therefore the conjugate under I of a plane field |u| of lines is 
a congruence (24, 23). 
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DYNAMICAL TRAJECTORIES AND CURVATURE 
TRAJECTORIES* 


BY EDWARD KASNER 


1. Introduction. In this paper we compare two important 
types of triply infinite families of plane curves, dynamical fam- 
ilies and curvature families. Both types are projectively invari- 
ant, so that our subject belongs to the projective differential 
geometry of systems of curves. 

A family of dynamical trajectories consists of the ©* possible 
paths of a particle moving in a general field of force, initial 
position and velocity being arbitrary. If ¢(x, y) and (x, y) are 
the components of force, the equations of motion are 


(1’) #= (x,y), “j= ¥(x, 9). 


The differential equation of the trajectories{ is found by elimi- 
nating the time from (1’): 


(1) = + Wy — — byy?} y” — 


To define curvature trajeciories we start with an arbitrary 
doubly infinite family of curves, that is, a general differential 
equation of second order: 


(2’) y” = F(x, y, y’). 


A curvature trajectory of this family is a curve which is drawn so 
as to have at each point c times the curvature of the member of 
the family to which it is tangent at that point, c remaining 
constant along the trajectory. For a given value of c there will 
be a set of ©? trajectories, (one in each direction through each 
point). By varying c we obtain ©! such sets. Hence a given 
doubly infinite family (2’) generates a triply infinite family of 
curvature trajectories. 


* Presented to the Society, April 26, 1919, under the title A characteristic 
property of central forces. See abstract, this Bulletin, vol. 25 (1919), p. 443. 

t E. Kasner, The trajectories of dynamics, Transactions of this Society, 
vol. 7 (1906), pp. 401-424. Also Differential-Geometric Aspects of Dynamics, 
Princeton Colloquium Lectures on Mathematics, 1913, especially Chapters 1 
and 3, where some of the properties are stated in projective language. A new 
edition, published by this Society, has just appeared. 


i 
| 
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The ©? trajectories that can be drawn for a fixed value of the 
curvature ratio c satisfy the equation y’’=cF(x, y, y’), (since 
curvature at a given direction element is proportional to y’’). 
If we differentiate this and eliminate the parameter c, we have 
the differential equation of all the curvature trajectories of 
(2’): 

(2) Fy” = (Fat Fyy')y" +Fyy'?. 


Thus a two-parameter family of curves gives rise by a ge- 
ometrical construction to ©* curvature trajectories, just as for 
instance a one-parameter family gives rise to ©? isogonal trajec- 
tories.* As a simple example, the original family (2’) might be 
the ©? unit circles. Then it is easy to see from the definition 
that their curvature trajectories would be all the # circles of 
the plane. 

We have discussed the projective character of dynamical 
families in the references. The concept of curvature families in- 
volves also a projective concept. This is an immediate conse- 
quence of Mehmke’s theorem, which states that if two curves 
are tangent at a point, the ratio of curvatures is a projective in- 
variant. In fact this theorem implies that the entire process of 
construction of curvature trajectories has projective meaning. 

Now we observe that (1) and (2) are both of the general form 


(3) = G(x, y, + y, 


but with different functions G and H. This resemblance between 
the equations suggests the problem of determining all triply in- 
finite families of curves which are at once dynamical trajectories 
and curvature trajectories. 

The answer is interesting and physically significant. The com- 
mon families are exactly the trajectories of all central fields of force. 
For the curvature families this means that (2’) takes one of the 
special forms (12,) or (122) below. 


* The special case of orthogonal trajectories has an analog in curvature- 
reversing trajectories (curvature ratio c= —1, or Y’’ = —y’’). In either case the 
square of the operation of taking trajectories is the identity, so the relation is 
involutorial. 

+ Weassume that the field in (1’) is not null, and that F in (2’) is not identi- 
cally zero; these degenerate cases give merely the ~? straight lines and so cor- 
respond to each other. 
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The result amounts to a new geometrical characterization of 
the trajectories of central fields. They are those families of 
dynamical trajectories whose %* curves can be analyzed into a 
series of sets, each set containing ©? curves, in such a way that 
one of the sets will generate the others by the simple process of 
multiplication of curvatures described above. 

We observe that this analysis of the trajectories of a central 
field also has physical meaning. It can be shown to be identical 
with the grouping based on the value of the area-sweeping con- 
stant, (or on the constant of angular momentum). 

2. Geometric Properties of Dynamical Families. For the proof, 
we employ the following sets of geometric properties, which 
characterize dynamical families among all triply infinite fami- 
lies of curves (see references). 

I. If to each of the ©! curves having a given lineal element 
in common the osculating parabola is drawn at that element, the 
foci will lie on a circle through the point of the element. 

II. There exists for each point (x, y) of the plane a certain 
direction w (that of the force) such that the angle between 
this direction and the tangent to the focal circle corresponding 
to any element (x, y, y’) at the given point is bisected by that 
element. 

III. The locus of the centers of the ©! circles corresponding 
to the lineal elements at a given point is a conic with that point 
as a focus. 

IV. In each direction through a given point O there passes 
one trajectory which has contact of third order with its circle 
of curvature. The locus of the centers of the ©! hyperosculating 
circles, obtained by varying the initial direction, is a conic 
passing through the given point in the direction of the force. 
(But III and IV are equivalent.) 

V. Of the curves which pass through a given point in the 
direction of the force at that point, there is one which has 
contact of the third order with its circle of curvature; the radius 
of curvature of this curve is three times the radius of curvature 
of the line of force (that is, integral curve of the direction as- 
signed to each point by II) passing through the given point. 

VI. When the point O is moved, the associated conic de- 
scribed in property IV changes in the following manner. Take 
any two fixed perpendicular directions for the x direction and 
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the y direction; through O draw lines in these directions meeting 
the conic again at A and B, respectively. Also construct the 
normal at O meeting the conic again at N. At A draw a line in 
the y direction meeting this normal in some point A’, and at B 
draw a line in the x direction meeting the normal in some point 
B’. The variation property referred to takes the form 


| OW ry — Wry 
dx AA’ dy BB’ 


(4) 


where AA’ and BB’ denote distances between points, and where 
w denotes the slope of the lines of force relative to the chosen x 
direction. This is true for any pair of orthogonal directions, and 
therefore really expresses an intrinsic property of the system of 
curves. (See the diagram in references.) 

We use the analytic forms of these properties, which are as 
follows. 

Property I. The equation of the family has the form (3), 
Gy” 

Property II. H=3/[y’ —w(x, y) 

Property III, IV. Equation (3) is further specialized to 


(5) (y’ — = (Ay? + py’ + v)y” + 
where w, A, uw, v are arbitrary functions of x and y. 


(6) PROPERTY V. + yo + 7+, + wo, = 0. 
(7) PROPERTY VI. dz + [(v + w2)/o], = 0. 


We impose these conditions successively on the class of all 
curvature families, defined by (2), thus arriving at each step at 
a more special subclass for which the properties imposed up to 
that point could be given as defining theorems. Moreover, the 
classification is projective, for the properties I-VI are separately 
projective. 

Property I. All curvature families have this property, since (2) 
1s an equation of type (3). 

Property II. F,/F=3/(y' —w). Integrating, we find 


(8) F(x, y, = [y’ — y)]'u(z, 9). 


The force direction w(x, y) and the factor u(x, y) are arbitrary. 
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Property III, IV. Substituting (8) into (2), we get an equa- 
tion which already has the form (5) with 


(9) \u = Uy, = uz — — = — — why. 


Hence curvature families with an F as in (8) have properties I, 
II, II, IV. 
Property V. Condition (6) reduces to 


(10) @, + ww, = 0. 
This means that the lines of force y’=w(x, y) must be a one- 
parameter family of straight lines. 

Property VI. Condition (7) becomes 


(11) (w2/w),y = 0. 


From (11) and (10), w,,=0, so that w is linear in y. We deduce 
finally that either w=y/x (if we translate the axes) or w=k 
(const.). Hence if curvature trajectories are also dynamical 
trajectories, the generating family (2’) must be either 

First case: y"’ = (y’ — y/x)u(x, y) 
or 

Second case: = (y’ — k)*u(x, y). 
If we calculate (2) for these special F’s and compare it with (1), 
we find in the first case that ¥/@=y/x (proving that the field 
is central) and ¢=u/x?. The equation of the generating family 
(2’) may be rewritten more symmetrically 


(12;) yy” (xy’ y)%o(x, y), 

with v arbitrary. The components of the corresponding field are 
o@=xv and y=yv. In the second case, /¢=k, so that the field 
is parallel (center at infinity), and ¢=wz. If we take the field 
horizontal, the equation of the generating family (2’) becomes 


(122) = 9), 
with v arbitrary. The components of the field are ¢ =v and y=0. 
We have thus proved the following theorem. 


THEOREM. A family of dynamical trajectories due to a posi- 
tional field of force 1s resolvable into curvature trajectories when and 
only when the field is central or parallel. The base doubly-infinite 
family is then of the form (12,) or (122). 


3. Families Derived from Conical Surfaces. In a paper analo- 


| 
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gous to the present one we compared dynamical trajectories and 
sectional families.* A sectional family is defined by taking all the 
co * plane sections of an arbitrary surface and projecting them 
from some fixed center on to a fixed plane. We found that cones 
(of any cross-section) were the only surfaces that produced dy- 
namical families. The corresponding fields of force were again 
central (or parallel), but of a special kind, the force following 
an inverse square law along any line of force (the constant being 
allowed to vary for different lines). The Newtonian field was in- 
cluded as a special solution, the cone then being a right circular 
cone. 

Weare now able to conclude that these same families (sectional 
families derived from conical surfaces) are distinguished by being 
the largest class which are of dynamical, sectional, and curvature 
types all at once. 


4. Comparison of Sectional and Curvature Types. Finally, we 
might compare the sectional and curvature types with each 
other. We already know that they have in common the families 
projected from general cones. To these we can add the family 
of all circles mentioned above as an example of curvature tra- 
jectories, for stereographic projection of the sphere gives the 
same circles. But with the sphere we have at once all proper 
quadrics, provided the center of projection is taken on the sur- 
face; this follows from the projective character of the work. 
We can remove the restriction as to the center of projection by 
another example: orthogonal projection of the plane sections of 
a sphere gives a family of ©? ellipses all contained in a circle; 
oo 2 of these are tangent to the circle at one end of their minor 
axes; these ©* have the whole family for their curvature tra- 
jectories. Thus the sectional families from guadrics and general 
cones are also curvature trajectories. It can be shown that this 
is the full answer.f 


5. Overlapping of the Three Types. We thus have complete 
knowledge of the possible overlapping of the dynamical, sectional, 


* E. Kasner, Dynamical trajectories and the ~* plane sections of a surface, 
Proceedings of the National Academy of Sciences, vol. 17 (1931), pp. 370- 
376. Again, sectional families are projectively invariant and they have differ- 
ential equations of the form (3). 

¢ This result is due to G. Comenetz. Another proof has been given by M. 
Halperin. 
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and curvature types of triply infinite families of curves. The re- 
results are summarized in the following table; the two types 
compared are named in the left-hand column; their intersection 
is identified in the center; and the number, that is, the infini- 
tude, of (projectively different) common families is given at the 
right. 


Dynamical Sectional: Special central fields or oof) 
General cones 
Dynamical Curvature: Any central field (2) 
Sectional Curvature: General cones and 
Quadric surfaces co 


_ The 2 in the exponent of © refers of course to two arbitrary 
constants, while (according to a notation which I proposed in 
this Bulletin in 1912, in a review of Riquier’s treatise on partial 
differential equations) f(1) means an arbitrary function of one 
independent variable, and f(2) an arbitrary function of two 
independent variables. 
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ON NEVANLINNA’S WEAK SUMMATION METHOD} 
BY A. F. MOURSUND 


1. Introduction. Our principal object in this note is to dis- 
cuss the function 


2 
= — f 
T 0 


0 


(1) sin (2nt + 1)s 


dt| ds, 
sin s 

which, for 8>0 and the “dummy” constant C2e*+!, plays a 

role in the theory of summation of Fourier series by Nevan- 

linna’s weak method{ analogous to the role the Lebesgue 

constants 


¢ Presented to the Society, June 20, 1934. 

t F. Nevanlinna, Uber die Summation der Fourier’schen Reihen und Inte- 
grale, Oversikt av Finska Vetenskaps-Societetens Férhandlingar, vol. 64 
(1921-22), A, No. 3, 14 pp. A. F. Moursund, On the Nevanlinna and Bosanquet- 
Linfoot summation methods, Annals of Mathematics, (2), to appear. 


— 
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play in the theory of convergence of such series.f Nevanlinna’s 
weak method is essentially the same as the Bosanquet-Linfoot 
method of zero order.f 

Our principal results concerning the function p,(8) are given 
by the following theorems. 


sin (2m + 1)s 
in ( sin (28 + 1)s| 


sin s 


THEOREM 1. For each n=O, the function p,(8)—p,n as B-0. 

THEOREM 2. When 8 >1, the function p,(8) is uniformly bounded 
with respect to n for allnZ20. 

THEOREM 3. For 0<6<1, 


4 
px(8) = ————— (log n)*-* + O(1), 


and 


4 
pr(1) = = log C log log m + O(1). 
T 


2. Nevanlinna’s Weak Summation Method. Applied to the 
Fourier series generated by a Lebesgue integrable function f(x), 
Nevanlinna’s weak method consists in forming from the well 
known expression for the sum of m terms of the series the 
transform 


sin (2nt + 1)(x — s)/2 
(3) NpSq(2) = f No(t)dt 


where 


TL. Fejér, Lebesguesche Konsianten und Divergente Fourierreihen, Journal 
fiir Mathematik, vol. 138 (1910), pp. 22-53. Fejér shows in that paper that 
pn~(4/x*) log n+O(1). T.H.Gronwall, Uber des Lebesgueschen Konstanten bei 
den Fourierschen Rethen, Mathematische Annalen, vol. 72 (1912), pp. 244-261. 
G. Szegé, Uber die Lebesgueschen Konstanten bei den Fourierschen Reihen, 
Mathematische Zeitschrift, vol. 9 (1921), pp. 163-166. 

tL. S. Bosanquet and E. H. Linfoot, On the zero order summability of 
Fourter series, Journal of the London Mathematical Society, vol. 6 (1931), 
pp. 117-126. L. S. Bosanquet and E. H. Linfoot, Generalized means and the 
summability of Fourier series, Quarterly Journal of Mathematics (Oxford Series), 
vol. 2 (1931), pp. 207-229. Moursund, loc. cit. 
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Na(t) = B(log — #)-*(log C/(1 — 
with B>0 and C2e§+!, and in taking the limit 
(4) lim 


Bosanquet and Linfoot have given an example, which will 
serve equally well for Nevanlinna’s weak method, of a contin- 
uous function f(x) whose Fourier series diverges at x =0 when 
summed by their zero order method with 0<$<1.f For B>1, 
Nevanlinna’s method, and consequently the Bosanquet-Lin- 
foot zero order method, is Lebesgue effective.{ 


3. The Function p,(8). Upon changing the order of integra- 
tion in (3), we see that, for the values of 8 for which the function 


Nal sin (2mt + 1)(x — s)/2 


sin (x — s)/2 


dt| ds 


1 
(5) p(B, 2) = f 


becomes infinite with 2, functions continuous on (—7, 7) can 
be constructed for which (i) the limit (4) does not exist at the 
point x, (ii) the limit (4) exists at x but does not exist uniformly 
in any neighborhood of that point.§ Setting x =0 in (5) we ob- 
tain, after slight simplification, the function p,(8) defined in 
the introduction. 


4. Lemmas. In the statements and proofs of our lemmas and 
theorems, B>0, C2e*t!, and 220 unless otherwise stated. 
Proofs which the reader can readily supply are merely indicated 
or omitted entirely. 


LemMaA 1. For 2ns =a 


1 sin 1 
f N,(t) 2nst < f Np(t)dt 
0 cos 1—x/ (2ns) 


(log C)8(log 2Cns/x)-*. || 


lA 


t Loc. cit., first paper. 

t A. F. Moursund, On a method of summation of Fourier series, Annals of 
Mathematics, (2), vol. 33 (1932), pp. 773-784. 

§ E. W. Hobson, The Theory of Functions of a Real Variable, 2d ed., vol. 2 
Chapter 7. 

|| See Moursund, second loc. cit., pp. 779-780. Lemma 5.1 holds for Ng(t) 
is non-negative and monotone increasing on (0, 1). 
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LEMMA 2. p,»(8) =p,.*(8)+O(1), where 
2 1/2 1 1 
(6) px*(B) = =f -| f Na(t) sin 2nst dt 
0 0 


and the O(1) terms are uniformly bounded with respect to B, C, 
and n.t 


ds, 


Lemma 3. For v>0, 


*/log C 1 1 
( +1 +1) cose dt = — + 
0 v B v 


PrRoor. We write 


‘i (“= gC 


logC /v 
f af /2 dt 


1 _logcC 1 


v 


Lema 4. For r sufficiently large, 


1 
f N3(1— #) cos rt dt = B(log (log r)-8/8 + O(log > 0, 
0 


1 
f N,(1 — 2) sin rt dt = O[(log r)-*"]. 
0 


Proor. The lemma, except for the term O[(log r)-*-'] in the 
first part, follows immediately from a theorem concerning Four- 
ier cocfiicients due to U. S. Haslam-Jones.{ Upon inspection of 


t It can be shown a using Lemma 1 that the O(1) terms are 0(1) asn— ~. 
t U.S. Haslam-Jones, A note on the Fourier coefficients of unbounded func- 
reel Journal of the London Mathematical Society, vol. 2 (1927), pp. 151- 
154 (Theorem 2). 


— 
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the proof given by Haslam-Jones, the reader will see how, with 
the aid of Lemma 3, our result can be obtained. 
LEMMA 5. 


cos 


|sinr| 


6. For MZeandn=2M, 


1 


1 1 
— (log r)-* cos 2mr dr = —. 
r ( ) 2M 


mai 4m? — 1 


ProoF. It can be shown by means of the second mean value 
theorem that each of the integrals <1/M. The lemma follows, 
because 

1 1 


wnt 


5. Proof of Theorems. In this paragraph we prove our 
theorems. 


PROOF OF THEOREM 1. Integrating by parts, we have 


= 


2ns 1 
sin $ 0 
X cos (2nt + 1)s dt| ds 


and the theorem follows by elementary theorems concerning 
limits. 

PROOF OF THEOREM 2. When 2 S7, we have at once p,*(8) <2; 
and when 2 >7, we have for B>1, using Lemma 1, 


O(1)-+— Clog cy — (log 2Cns/x)-# ds = O(1). 
x/(2n) 
The theorem follows by Lemma 2. 
PROOF OF THEOREM 3. By Lemma 2, 
pn(8) = + O(1). 


¢ Szegé, loc. cit., uses this Fourier series expansion in obtaining his formula 
for pn. 
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Using Lemmas 4, 5, and 6, we have, for a fixed sufficiently large 
M and n>M, 


2 M /(2n) 1/2 1 
pn* (8) tf + | 
M/(2n)t 
= O(1) +— = N sin rt dt 
— |sin rf N,(1 — cos rt dt 
0 
1 


— cos rf N,(1 — £) sin rt dt 
0 


2 ¢* |sinr| 
= =f dr f N,(1 — cos rt dt + O(1) 
M 0 


ds 


1 
f Na(t) sin 2nst dt 
0 


dr 


dr + O(1) 


r 
28(log 2 1 (logr)* 
= —- dr 
(log 
—> —f (log 1) cos 2mr dr 
4m? — 1 B 


M r 


4 | 
= — (log cy f —-(log r)-* dr + O(1). 
= r 


M 
The lemma follows when we carry out the integration. 


THE UNIVERSITY OF CREGON 


= 
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ON DIRECT PRODUCT MATRICES{ 


BY W. E. ROTH 


1. Introduction. If A =(a;;), (¢=1,2,---,m;j=1,2,---,n), 
is an m Xn matrix and B is a pXq matrix, then the matrix, 
P=(a;;B)=A(B), of order mpXng, whose elements occur in 
mn blocks, a;;B, is the direct product of A and B.f{ 

In the present paper we determine the elementary divisors of 
A(B)—XI and of pA (I)+oI(B)—XI, where p and are scalar 
constants, and where the elementary divisors of A —\J and of 
B—XI are known. Finally, §3 takes up the discussion of the 
linear matrix equation 


A 1X1B, + + = Cc. 


The reduction of this equation to an equation whose solution is 
known is accomplished by means of direct product matrices 
and thus perfects a procedure first noted by MacDuffee.§ 


2. On Elementary Divisors of A({B)—XI and of pA{I)+ 
oI(B)—XI. In this section it will be convenient to indicate the 
order of a matrix by subscripts; thus A. is an aX matrix, 
B, is a square matrix of order p, and J, is the unit matrix of 
order ~. Matrices will be designated throughout by capitals, 
whereas lower case letters will be employed to denote scalars, 
such as parameters, constants, and the elements of matrices. 
Moreover, all scalars will be regarded as belonging to the complex 
number field. Hence, for our purpose, (a;;B) =(Ba;;) =A (B) 
= (B)A. 


¢ Presented to the Society, April 6, 1934. 

t Zehfuss, Ueber eine gewisse Determinante, Zeitschrift fiir Mathematik 
und Physik, 3te Jahrgang (1858), pp. 298-301, was perhaps the first to study 
determinants of this form. Rutherford, On the condition that two Zehfuss matrices 
be equal, this Bulletin, vol. 39 (1933), pp. 801-808, called P the Zehfuss matrix 
of A and B and devised the notation here employed. Dickson, Algebras and 
their Arithmetics, 1923, p. 119, and MacDuffee, The Theory of Matrices, 1933, 
p. 81, employ the term direct product to designate P. The reader is also referred 
to the latter treatise for a more complete discussion of direct product matrices. 

§ MacDuffee, loc. cit., p. 89. 


— 
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If Aas=(ai;), Ce.y=(ci;), Bas, and are given matrices, 
then 


= b,c) 


(1) 2 
= ( = Aa 

j=1 
This identity was first proved by Stéphanos.f Evidently, if 
Q,, and R, are non-singular matrices,then Q,,(J,) and Imn(Rn) 
are likewise non-singular matrices. Hence, according to (1), 


= = Om{Rn); 


and Q,,(R,), being the product of non-singular matrices, is also 
non-singular. If Q/, is the inverse of Q, and Ri that of Ra,t 
then Q/,(R!) is the inverse of 0.(Rn),§ for by (1), 


(2) Qm{Rn)-Qm! (Ra!) = Im{(In) = Imn- 


Let Q,, and R, be the non-singular matrices which transform 
A,, and B,, to their respective normal forms, A ,,* and B,*. That 
is, 


(3) QnA = A R,.B,R,! 
where 

(An, 0 0 ( B,, 0 

0 An, --- 

(4) A = B,* = 

0 --An, | 0 O 
and 

a; 1 O b; 0 0 0 

0 a; 1 0 Bb; 1 0 

0 oe 1 j 


¢ Stéphanos, Sur une extension du calcul des substitutions linéaires, Journal 
de Mathématiques, (5), vol. 6 (1900), pp. 73-128. 

t This notation for inverse is due to MacDuffee, loc. cit. 

§ Stéphanos, loc. cit. 


1934.] DIRECT PRODUCT MATRICES 463 


(t=1, 2,---,47;7=1,2,---, Consequently has 
the elementary divisors (a;—A) ™, (t=1, 2,---,7r),and B,—XI, 
has the elementary divisors (b;—A)%, (j=1, 2,---, s). We 


shall prove the following theorem. 


THEOREM 1. Jf and B,—XI,, have the elementary di- 
visors (a;—d)™, (¢=1,2,-- -, 7), and (b;—X)%, (j=1,2,---,5), 
respectively, and if yu; 1s the lesser of the integers m; and n; or their 
common value, then the matrix A m{(B,)—XI mn has the elementary 
divisors 


(aib;—X) mitnj—2k+l (k= Mii), 
af aib;~0, occurring n; times, if a; =0, b;~0, occurring m; 
times, if a;~0, b;=0, and X, d2, - - - , M1 each occurring twice 


and “i occurring m;+n;—2pi;+1 times if a;=b;=0, (i=1, 
2, »r;j=1,2, 8). 


Now by (1), (2), and (3), we have 
Qm(Rn)[Am(Bu) — = An*(Bt) — Minn; 


consequently the elementary divisors of Am(Bn)—AImn are 
identical with those of A »,*(B,*)—AI mn. Upon writing out the 
latter matrix, we readily see that its elementary divisors are 
identical with the aggregate of those of the r matrices 


An <B;*) AI m ins (i mi, r), 


each taken separately. By an appropriate interchange of rows 
and of columns the matrixc/ m;(B,*) —AI can be transformed 
to an equivalent matrix having the ma;Xm mn; matrices 
A m{Bn;)—AI minj, (G=1, 2,---, 5), in its principal diagonal 
and zero matrices elsewhere. Hence the elementary divisors of 
A m{Bn)—dI mn are identical with the aggregate of those of the 
rs matrices 


An <Bn;) m gn (¢ = 1, 2,---7;7 = 1 2,---, 9), 


each taken independently. 
If 5;~0, B,; is a non-singular matrix of order m;; conse- 
quently, by the method of Bécher, f 


(5) Am {Bn ;) Nn jn; 


t Bocher, Introduction to Higher Algebra, 1922, §§91 and 92. 


= 
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has (m;—1)n; unit invariant factors and its elementary divisors 
in \ are identical with those of (a;B,;—AJ,,;)™. If we let pi; 
be the lesser of the two integers m; and u; or their common 
value, this matrix has the elementary divisors (a;b; —\) ™*"i-24+1, 
(k=1, 2,---, wij), if a:#0, and the elementary divisor \™ 
occurring n; times, if a;=0. This establishes the first two cases 
under the above theorem. 

If 6;=0 and a;+0,¢c4 m;(B,;) is a nilpotent matrix such that 
its m;th power is zero but no lower power vanishes. Hence, in 
this case, (5) has only elementary divisors of the form }"*, 
where / cannot exceed u;. But since a;#0, (5) has a non-singu- 
lar minor of order (2;—1)m; which is independent of \; hence 
at most m; elementary divisors can be powers of \. The deter- 
minant of (5) is \™*"/, consequently the m; elementary divisors 
must be A”. This establishes the third case under the theorem. 

If a;=b;=0,-An:(Bn;) has (m;—1)(m;—1) unit elements in 
the (m;+1)th diagonal above its principal diagonal and all re- 
maining elements are zeros. Hence (5) has a non-singular minor 
of order (m;—1)(n;—1) which is independent of \, and no such 
minor of higher order. Consequently this matrix has m,n;— 
(m;—1)(n;—1)=m;+n;—1 elementary divisors which are 
powers of Nowc4 m;(B,;) is nilpotent of degree y;;, for in the 
present case the yi;th power of eitherc4n,; or of B,; vanishes 
but neither vanishes for powers less than p;;. Consequently (5) 
has m;+n;—1 elementary divisors \*, whose degree k does not 
exceed y;; and must have at least one of degree ui;, We may, 
therefore, assume that (5) has the elementary divisors \* oc- 
curring v; times, (k=1, 2,---, ui;). Hence its determinant 
is —X raised to the power, 


Now let the normal form of -4m;(Bn;) be P, where P has the 
form corresponding to that for A, and B, as given by (4). 
Then P* has 


Vegi + + + — 


unities in the kth diagonal above its principal diagonal and 
zeros elsewhere, and [A mi(Bn;)}* has (m;—k) (n;—k) unities 
in the k(m;+1)th diagonal above its principal diagonal and 


1934-] DIRECT PRODUCT MATRICES 465 


zeros elsewhere. Since these two matrices are of the same rank 
for all values of k, we have 


(7) Vk+1 + (ui; = (m; k)(n; k), 


(kR=1, 2,---, wiz—1). The wi; equations (6) and (7) have the 
solution (k=1, 2,---, mij—1), and 
+1. Thus, in case a;=b;=0, (5) has the m;+n;—1 elementary 
divisors, stated in the above theorem. 


COROLLARY. Under the hypotheses of the theorem above 
Am({Ip)—AI mp has the elementary divisors (a;—d)™, (i=1, 2, 
-, r), each occurring p times, and I,{B,)—XInp has the ele- 
mentary divisors (b;—)"i, (j=1, 2,---, 5s), each occurring p 
times. 


This corollary follows directly from Theorem 1, for in this 
case, the matrix J,—)J, has the elementary divisor 1—X oc- 
curring p times, hence wi;=1, (j=1, 2,---, p), in the present 
case. Of course, this corollary is obviously true without recourse 
to the above theorem. 


THEOREM 2. Under the hypotheses of Theorem 1, the matrix 


(8) pA m{In) + of 

where p and o are scalar constants not zero, has the elementary 
divisors (pa;+ob;—d) 7; 
j=i, 2; s). 


By an argument parallel to that followed in the proof of 
Theorem 1 we can show that the elementary divisors of pA m(J,) 
+oIn({Bn)—AI mn are identical with the aggregate of those of 
the rs matrices 


+ 1,2,---, 7357 =1,2,---,5). 


Hence the elementary divisors of (8) are those given by Theo- 
rem 2, if neither p nor a is zero. The case where p or @ is zero is 
covered by the Corollary above.f 


t Recently the author learned that A. C. Aitken, in a paper that will ap- 
pear soon in the Proceedings of the London Mathematical Society, gives re- 
sults quite closely analogous to those of Theorem 1. 


| 

| 
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3. The Linear Matrix Equation. We shall take up briefly 
the linear matrix equation 


(9) >> A:X:B; = C, 

i=1 
where A; are mXn; matrices; B;, (t=1, 2,---,7), are n;Xn 
matrices; and C is an m Xn matrix, all known; while X;, (¢«=1, 
2,---, 97), are unknown m;Xm; matrices.{ We here transform 


this equation to an equivalent equation by means of the matrix 
M® and direct product matrices, where M® is defined as follows: 
Let M=(m;,;) be an matrix and let 

M; = (mis, Mi2,°°° » Mig), G= , a); 
then M2=(M,, Mo, -- -, M.), and is consequently a one-rowed 
matrix of a8 elements. Similarly M is the matrix resulting if the 
second, third, - - - , last column of M be written each below the 
next preceding column; thus it is an a8 X1 matrix. We can then 
show that = Mf®, M®T= where M° is the transpose 
of M°, etc. Let 


(10) Y; = A;:Xi, Z; = Y;Bi, (¢=1,2,---,7); 
then Z;=A;X;B;. We can readily show from (10) that 
VF = = 
where A ;7 is the transpose of A;. Hence, by (1), 
ZF = [Im(Bi)] = XF[47(B;)], 
where A;7(B;) is then an mn;Xmn matrix. With this trans- 


formation, equation (9) becomes >), ,X#A7(B;) = C¥, or 
( 


A 2” (Be) 


(11) (z+, X.F, X,*) c*. 


AZ(B,) J 


That is, (9) is thereby transformed to an equivalent equation 
whose theory is well known, for it is a system of mn linear equa- 


t MacDuffee, loc. cit., discusses this equation for the case where the A; and 
B; are n Xn matrices and gives adequate references. He extends the theory 
in the direction we take here, but introduces an error which will be explained 
below. 
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tions in DViamin; unknowns and has a solution provided the 
matrix of the coefficients and of this matrix augmented by C® 
have the same rank. Hence we may state the following result. 


THEOREM 3. A necessary and sufficient condition that the 
equation (9) where A; are mXm;, B; are n;Xn matrices, and C 
is an m Xn matrix, all known, while X;, (t=1,2,--- , r) are un- 
known m;Xn; matrices, have a solution, is that the matrices 


(B 
and ( ), C #0, 
P 

A? (B,) 


have the same rank, and in case C=O, a necessary and sufficient 
condition that (9) have a solution, X;, (t=1, 2,---, 7), not all 
zero is that the rank of P be less than )-5_,mni. 


In case X,;=X;, (t=2, 3,---,7), (11) becomes 
(12) xe[ 2 
i=1 


which is a system of mn linear equations in the m,n, unknown 
elements of X,. This leads to the following theorem. 


THEOREM 4. A necessary and sufficient condition that the 
equation 


i=1 
where A; are mXn matrices, B; are pXq matrices, and C is an 


mXq matrix, and where X is an unknown nXp matrix, have a 
solution, is that the matrices 


r 
Q = y A?(B;) and ( C # 0, 
i=1 Q 
have the same rank; and in case C=0, a necessary and sufficient 


condition that the equation have an solution X £0 is that Q be of 
rank less than np. 


Bocher, loc. cit. 
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Equation (12) may be replaced by the equation 


| (42 Xo = CY, 
i=1 

or the transpose of (12), or that of the present equation. Hence 
any one of the four matrices, 


3 


(4) Dare), Laer, 


i=1 i=1 i=1 


may be regarded as that of the coefficients of the elements of X, 
that is, as Sylvester’s nivellateur.t It should be noted that a 
different arrangement of the elements of X from that given by 
either X¥ or X°© or their transposes will result in another matrix 
which can be obtained from one of the above by an appropriate 
interchange of rows or of columns. 


Jf A,Bi+A2Be+--- +A,B,=0, where A;’ 
(t=1, 2,---,7), are mXn matrices and B; are nXp matrices: 
then each of the matrices 


SAB), 


i=1 
ts at most of rank n?—1. 


This corollary is a direct result of Theorem 4, for here 
X=T, satisfies the equation (13). It states, perhaps, the most 
that may be said of such an equation if the B’s are not com- 
mutative. Phillips§ gives a more restrictive result in case the 
B’s are commutative. 


THE UNIVERSITY OF WISCONSIN, 
EXTENSION CENTER, MILWAUKEE, WISCONSIN 


ft Sylvester, Comptes Rendus, vol. 49 (1884), pp. 409-412, 432-436; 
Mathematical Papers, vol. 4, pp. 199-205. 

t MacDuffee, loc. cit., was perhaps the first to recognize Sylvester’s nivel- 
lateur as the sum of direct product matrices, but the matrix 46.2 as he gave it 
cannot answer the purpose and should be replaced by one of the four matrices 
in (14). Likewise in his theorem 46.31, the Sylvester nivellateur should be 
A(I)+1(B*) or (A™)I+(I)B or the transpose of either of these. 

§ Phillips, Functions of matrices, American Journal of Mathematics, vol. 
41 (1919), pp. 266-278. 


= 
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ON A THEOREM OF PALEY 
BY LEOPOLD FEJER 


1. Introduction. In 1910 I published the following theorem. f 


THEOREM 1. Let f(x) be integrable in the interval 0 Sx 27 and 
such that 


(1) | f(x) | < M, (0 < x S 2n), 


and let the Fourier coefficients dn, bn of f(x) satisfy the conditions 
A B 

(2) |a,| <—, (s = 1,2,---), 
n n 


where M, A, B are non-negative constants. Then, if s,(x) denotes 
the sum of the (n+1) first terms of the Fourier series of f(x), the 
following inequality holds: 


(3) | sa(x) | SM+A-+B, (0S x5 2r,n=0,1,2,---). 


This criterion of boundedness of the partial sums of the Fourier 
series of a bounded function follows immediately from the ele- 
mentary fact that, when | f(x)| <M in (0, 27), then also 
|.S,(x)| <M in (0, 2), (n=0, 1, 2,---), where S,(x) is the 
arithmetic mean of the first (7+1) partial sums of the Fourier 
series of f(x). Indeed, for an arbitrary infinite series 


(4) Up + 
there exists the relation 
(5) Sn = Sat 
v=1 
from which Theorem’1 follows at once. 


2. Paley’s Theorem. Leaving aside various interesting consid- 
erations related to Theorem 1 which are known, I shall now 
pass on to a second boundedness criterion for the partial sums 


1 Sur les sommes partielles de la série de Fourier, Comptes Rendus, vol. 150 
(1910), pp. 1299-1302. 
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of the Fourier series of a bounded function, which was published 
recently by Paley.f 


THEOREM 2 (PALEY). If the integrable function f(x) satisfies 
the condition (1), while all its Fourier coefficients are non-negative, 


(6) 
thent 
(7) | s.(x)| < 10M, (0< x 2x,n=0,1,2,---). 


The very short and simple proof of Theorem 2 given by Paley 
is based, on the one hand, again on the inequality | Sa(x) | <M, 
and, on the other hand, on the theorem of S. Bernstein, accord- 
ing to which the absolute value of the derivative of a trigono- 
metric polynomial of order m does not exceed m times the 
maximum of the absolute value of the polynomial. 

In a personal conversation with Paley at the International 
Congress of Mathematicians in Zurich, in September 1932, I 
stated that the proof of his Theorem 2, as well as that of my 
Theorem 1, may be derived from the inequality | S.(x) | <M 
alone, if one uses an elementary device, which I have used for 
other purposes.§ My proof, which I communicated to Paley 
in a letter in September, 1932, runs as follows. 


3. Proof of Theorem 2. Let f(x) (integrable and periodic, of 
period 27) generate the Fourier series 


(8) f(x) ~ ag + > (a, cos vx + b, sin vx). 
Let also 
(9) If(x)| <M, (0 x < 2n). 


For the arithmetic mean S,(x) of the first (x+1) partial sums 
of the series (8) we have the inequality 


+ On Fourier series with positive coefficients, Journal of the London Mathe- 
matical Society, vol. 7 (1932), pp. 205-208. 

t In §3 of this note I show that this inequality holds with the coefficient 
4 instead of 10, while the coefficient 1 would be too small. 

§ See my note, Uber einen S. Bernsteinschen Satz, und tiber die Szegische 
Verschirfung desselben, Bulletin of the Calcutta Mathematical Society, vol. 
20 (1930), pp. 49-54. 


= 
= 
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(10) | S.(x)| (0< 2x,n =0,1,2,---), 
and in particular, for «=0, 

(11) | S,(0)| < M, (s = 0,1,2,---). 


Inequality (11) expresses the fact that the arithmetic means of 
the series 


(12) Oot 


are all <M in absolute value. Since, by hypothesis, the terms 
of this series are non-negative, the series (12) must converge to 
asum <M. Hence 


(13) M; 
and consequently 
(14) | ao + < M. 


Thus we see that the central point of the proof is to estimate 
the sum >>” ,, sin vx. Since, by (8), 


(15) ¢(x) = 5 —f(- x)] ~ b, sin vx, 


while 
| o(x)| < M, 


we have only to estimate partial sums of the sine series 
(16) $(x) ~ +> b, sin vx 
y=1 


under the hypotheses that, for each x, | o(x)| <M, while all 
b,=0, (v=1,2,---). 

In view of the general relation (5) and of the fact that all the 
coefficients 6, are non-negative, we have only to estimate the 
sum 


(17) 


I am turning to this now, after having used, so far, the old 
method of Paley. I am retaining the previous notation f(x) in- 
stead of $(x). I say first that, if 


j 
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(18) f(x)~bsinx + 
then 
2 sin mx f(x) ~ bat (ba-1 + bny1) cos 
+ + Dens) cos (n — 1)x + bo, cos nx 
+ (bensi — 51) cos (nm + 1)x 
+ (dense — be) cos(n + 2)x+---. 


(19) 


Indeed, if we expand 2 sin mxf(x) in a cosine series, then the 
constant term is 


a = —f 2 sin nx f(x)dx = =f f(x) sin nxdx = by, 
0 
while the coefficient of cos kx is 


2 
a. = =f 2 sin nx f(x) cos kxdx 
Jo 


2 
=f f(x) [sin (n + k)x + sin (n — k)xjdx = base + bat, 
Jo 


if we agree to write b) =0, and b_;= —b,, (J=1, 2,3, ---). Now 
apply the inequality | S,(x)| <M to the cosine series (19) at 
the point x=0, and for y=n—1. Since |2 sin nx f(x)| <2M, 
(0<x <2zr), we get 


1 
| S,-1(0) | nb, + (n 1)(bn-1 = bn+1) 


+ +++ +1-(b1 + 2M, 
so that 
| 1-(b: + bens) + 2(b2 + + 


(20) 
+ — 1)(bn-1 + + nb, | 2nM. 


This inequality holds for an arbitrary sine series (18) if only 
|f(x)| <M. When, in addition, all the coefficients b, are non- 
negative, (20) yields 

(db, + Don—1) + 2(be + Don—2) + 
+ (n 1)(O,-1 + bn41) + nb, = 2nM, 


(21) 


= 
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and, a fortiori, 

(22) bi + 2b. +--- +b, S 2nM. 

Relation (5) gives now 

(23) | by sinx+---+56, sin nx | M+ 2nM/(n + 1) S 3M. 
Combining this with (14), we obtain the final result 

(24) | sa(x)| M+ 3M = 4M, 


which is the theorem of Paley (with the coefficient 10 replaced 
by 4).T 


4, Remarks. In connection with my conversation with Paley 
in Zurich I raised the question as to a relationship between the 
two boundedness criteria, Theorems 1 and 2, to which Paley 
answered immediately by proving that Theorem 1 follows from 
Theorem 2. Paley, however, went considerably further. This he 
did in a letter, of which a part that pertains to the subject is 
reproduced in §5 of the present note. Here I shall make a few 
explanatory comments. In Theorem 1, in addition to the in- 
equality |f(x)| <M, I make the assumption —C<mna,<C, 
—C<nb,<C, C20, which is of Hardy’s type. These assump- 
tions, as we have seen, imply the uniform boundedness of s,(x). 
If, in addition, the function f(x) is assumed to be continuous 
(and periodic of period 27), then its Fourier series converges 
uniformly (for it is uniformly (C1) summable, and hence, by 
a theorem of Hardy, converges uniformly). Paley has discovered 
deeper theorems, stating that the conclusions above still hold 
if the assumption of the “two-sided” boundedness of na,, nb, 
(Hardy), made in my Theorem 1, is replaced by the assumption 
of the “one-sided” boundedness (Landau), —CSna,, —C Snby. 
Thus Paley discovered the following theorem. 


{ Let me indicate, in passing, another application of the inequality (21). 
If, under the assumptions above, the sequence {b,} is not only non-negative, 
but also convex (non-concave) from below, then 


bn S + S +++ S 3(b2 + bene) S H(i + dns), 
so that, by (21), 

1-2b, + 2-26, +--+ +(n— 1)-2b, + nb, = S 2nM 
or, finally, 52M/n, (n=1, 2, 3,---). 
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If f(x) is integrable and | f(x)| <M, and if the Fourier coeffi- 
cients of f(x) satisfy the conditions na, = —C, nb, = —C, then the 
partial sums of the Fourier series of f(x) are uniformly bounded. 
If, in addition, f(x) is continuous, then the Fourier series of f(x) 
converges uniformly for all real values of x.t 


This essentially more general theorem, contains my Theorem 
1 as well as Paley’s Theorem 2 as special cases. 


5. Extract from a Lettert of Paley. “ - - - As we surmised in 
Zurich, the following theorem is true (indeed trivial) : 


“Tneorem. |f| <1, na,=2—A, nb,=—A, then the partial 
sums of the Fourier series are uniformly bounded. [Of course your 
method applies here again at once. | 


“What is not quite so trivial, but still not very difficult is the 
following theorem. 


“THEOREM. If f is continuous, na,= —A, nb,= —A, then the 
Fourier series of f is uniformly convergent. 


“It is sufficient to prove the following lemma. 


“LemMMA. Let If] <B,and na,=—A,nb,=—A; let 6 be anar- 
bitrary positive number. Then 


| s,(0)| < Ad + MGB, 
where M, depends only on 56. 
“To prove the lemma, we observe that 
= of +R 
where o,* is 


m—1 


n—m—2 


Am+2(0) + 


A,-1(9), 


+ Later, but independently of Paley, the same results have been found 
by O. Sz4sz, Zur Konvergenztheorie der Fourierschen Reihen, Acta Mathe- 
matica, vol. 61 (1933), pp. 185-201. 

t Dated October 5, 1932, at the Massachusetts Institute of Technology. 


= 
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and m/n lies between constants which depend on 6. Then it is 
quite easy to prove that 


| on*(0) | = | non(0) — /(n — m) MB, 


while your argument shows at once that | R,(6)|.<2B + 8A, 
where #@ is small by choice of m/n- - - .”¢ 
UNIVERSITY OF BUDAPEST 


NOTE ON THE FORM OF A FIRST-ORDER PARTIAL 
DIFFERENTIAL EQUATION{ 


BY A. B. BROWN 


In this paper we give a simple proof of the fact that the 
non-singular solutions of a first-order partial differential equa- 
tion can be obtained by equating to zero solutions of an asso- 
ciated equation in which the dependent variable does not appear 
explicitly. The usual proof§ of this property makes extensive 
use of the complete integral, and to be given rigorously would 
require considerations at one stage nearly as involved as our 
entire proof.|| Our proof has no reference to complete integrals. 
The results, as usual, hold in the small. Interest in this question 
arises from the treatments of equations in which the unknown 
does not appear explicitly. 


THEOREM. Let f(x1,---,%n, 2, Pn) =f(x, 2, p) be of 
class C’’ in a neighborhood of an initial element (a, b, p°) for 
which f=0 and f,,~0. Let 


t Professor Fekete, to whom I communicated this letter of Paley in Septem- 
ber 1933, has worked out completely the proof sketched by Paley. Moreover, 
Fekete generalized considerably Paley’s theorem and extended it also to the 
trigonometric series of H. Bohr. 

t Presented to the Society, March 31, 1934. 

§ See, for example, E. Goursat, Equations aux Dérivées Partielles, 1921, 
pp. 48-49 and 159. 

|| A complete integral yielding elements at a given point does not neces- 
sarily provide any given integral element at the point. 

q A function of class C™ is one having continuous &th partial derivatives. 
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(1) 
n+1 
Then the solutions of class C’', with elements near (a, b, p*), of 
(2) f(x, 2, ~p) = 0, with = pr (k =1,---,), 
Vk 


are identical with the loci expressible in the form 


(3) g(x, z) =0 
for which 
(4) u = g(%1,---,%,,2), gofcassC’, g, #0, 
is a solution of 
Ou 
F(x, z, P) = 0, with (k=1,---,), 
(5) 
5 
Ou 
=— 0, 
Oz 
and with (x:,---, Xn, 2, —Pa/Pn4i) mear 
(a, b, 


It is easily verified that if (4) satisfies (5), then (3) yields a 
solution of (2). Conversely, if (3), with g.~0, satisfies (2), then 
(4) satisfies (5) when g=0, but not necessarily elsewhere. 

Let a solution of (2) be given in the form 


(6) Z of class C’ . 
By a change in notation we can assume that b=Z(a,, - - - , Gn), 
and that 0Z(a;,---, (R=1,---, Taking 


g(x, 2) =Z(x) —z, the concluding sentence of the preceding para- 
graph shows us that (7) is an integral element of (5): 
(7) (3, 3,4, 
/ 
= (a, b, 0, Z.,(a, b), ,Z2,(4, b), 1). 


Note that P,,,,;= —1+0, for this element. 
Since Fp, = for (7), the manifold 
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= Q, u = , Xn) — 2, 


with the integral element (7), determines uniquely an integral 
strip for (5), which in turn determines uniquely a solution of 
the equation (5) :* 


(8) u =G(%4,---, Xn, 2), 

where G is of class C’, with 

(9) G(a1, %2,°+ , Xn, = Xn) — 
We now consider the locus 

(10) G(x, z) = 0 


near (a, b). Since G.(a, b) = —1+0, we infer that (10) determines 
a locus which we know satisfies (2). Now the locus 


(11) = =Z(a, , Xn), 


with p,=Z.,, (k=1,---, m), yields an integral strip, say Si, 
for (2), since (6) satisfies (2). But (11), with 02/dx, = —G,,/G., 
also yields an integral strip, say S2, for (2); for (9) shows that 
(11) is the part of the locus (10), obtained by setting x; =a, 
and (10) satisfies (2). 

At (a, 6), —Gz,/G.= (R=1,---, m), 
as we see from (7). Hence S, has an element in common with 
S;, and as S; and S, both have the locus (11) in (x, z)-space, it 
follows that they are identical. Therefore the solutions of (2) 
determined by them, namely (6) and (10), are likewise identical. 
Recalling that (8) satisfies (5) and that G,~0, we see that 
the theorem is established. 

‘It would be interesting to know whether the theorem is 
true in the large. 


CoLuMBIA UNIVERSITY 


* See L. Bieberbach, Differentialgleichungen, 3d ed., 1930, pp. 294 ff. The 
argument is in the small throughout. 
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WHITEHEAD AND RUSSELL’S THEORY OF 
DEDUCTION AS A NON-MATHEMATICAL 
SCIENCE 


BY E. J. NELSON 


1. Introduction. In his paper in the June, 1931, issue of this 
Bulletin, B. A. Bernstein attempted to transform the theory of 
logic in Whitehead and Russell’s Principia Mathematica into 
a mathematical science.¢ In this paper, I wish to discuss the 
general question whether or not this theory can be stated as a 
mathematical science. I shall use Bernstein’s exposition as a 
guide in the discussion, because it not only states in admirable 
form and simplicity the nature of a mathematical science but 
also either brings up explicitly or at least suggests each of the 
issues involved. 


2. Nature of a Mathematical Science. In the first place I shall 
summarize his account of the nature of a mathematical science, 
by which he says he means a pure deductive theory. 

(1) It is “a body of propositions consisting of postulates and 
theorems.” 

(2) These propositions “give information about a certain class 
of elements and about certain operations or relations among the 
elements.” 

(3) “The classes, operations, and relations constitute the ideas 
of the science,” some of which are taken as primitive, and the 
others of which are defined in terms of the primitive ones. 

(4) “Every proposition must contain, besides the ideas belong- 
ing to the science, also ideas that are outside the science.” This 
is necessary in order that the propositions may give information 
about the ideas within the science. The ideas outside the science 
are those of “general language”. 

(5) “Since the theorems are derived from the postulates, the 
science must use, beside the propositions belonging to it, also 


t Whitehead and Russell's theory of deduction as a mathematical science. In 
vol. 35, No. 1, pp. 301-303, of the Transactions of this Society, E. V. Hunting- 
ton made a similar attempt to mathematicize the logic of the Principia. His 
result is subject to the same general criticisms as I present in this paper against 
Bernstein’s transformation. 


E 
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propositions which are outside it”; namely, “the principles of 
logic which give the theorems as conclusions from the postulates 
as premises.” 

(6) The science is abstract, in the sense that our primitive 
ideas derive all their specific properties from the postulates; and 
hence the system is a “logical skeleton” for which several inter- 
pretations are possible. 


3. Criticism of the Principia. Among the shortcomings of the 
Principia as a mathematical science our author finds the follow- 
ing: 

A. Assertion (+) “does not stand for any class or operation or 
relation.” And further “nothing is said about it, no condition is 
imposed on it, by the primitive propositions.” 

B. Proposition *1.1 (“anything implied by a true elementary 
proposition is true”) fails because, having no symbols, it has no 
ideas belonging to the theory and hence says nothing about the 
ideas of the theory. That is, it imposes no conditions upon any 
of the primides. f 

C. *1.2 to *1.6 fail too, for the same reason, though in an 
opposite manner; namely, because they contain nothing but 
ideas within the theory and hence say nothing about these ideas. 
In other words, these postulates impose no conditions upon the 
primides, for without the use of other notions the primides can 
not impose limits upon themselves. Thus we find that the only 
postulates that conform to the requirements for postulates in a 
mathematical science are *1.7 and *1.71. 

Now I shall indicate and discuss Bernstein’s corrections which 
he believes will give to the theory of the Principia the nature 
of a mathematical science. 

A. Assertion. If he is right in holding that | does not stand 
for any class, operation, or relation, and that the postulates im- 
pose no conditions upon it, then he cannot at the same time be 
right in holding that only *1.7 and *1.71 contain ideas outside 
the system, for by his own criteria, } must be outside the system 


{ Just as we have the word “postulate” for “ primitive proposition,” I sug- 
gest coining the word “primide” (adj., primidic) to mean what is meant by 
“primitive idea.” Besides serving the interests of brevity and having an adjec- 
tival form, this word has the derivational suggestiveness of the component 
notions of the idea for which it stands. 
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in spite of Whitehead and Russell’s explicit assertion that it is 
one of their primides. Bernstein certainly is right when he says 
that the properties of | are not given by the postulates in the 
manner usual in mathematics. Hence the upshot of this seems 
to be (1) that the authors of the Principia used a symbol for a 
notion which, by the customs in mathematical circles, should 
have been expressed by an ordinary word or sign; and (2) that, 
in spite of their statements to the contrary, assertion is not a 
primide in their system. 

Bernstein’s correction on this point is to write “p=1” in- 
stead of “+.p,” where “P=1” means “® is true.” The equality 
sign stands for truth-value equivalence; thus, p=gq means that p 
and g are both true or both false. The sign “1” stands for a 
certain, though undesignated, member of the K-class. Accord- 
ingly p and 1 are ideas within the system, whereas =is not. This 
last then provides an idea external to the system, which we 
may employ in our propositions and in terms of which we can 
say something about our primides. 

Employing this notion of equivalence, and Boolean notation, 
Bernstein translates the primitive propositions into mathemat- 
ical form. For purposes of reference in the sequel, I interpose 
here enough of his postulates to indicate his procedure. 

“Consider an undefined class K of elements p, q, r, - - - . Let 
p’ be the result of an undefined unary operation on a K-element 
p, and +4 the result of an undefined binary operation on the 
K-elements p, g. The theory of deduction is the system (K, ’, +) 
satisfying the postulates 1.1-1.71 below. 


1.1. There exists a K-element 1 such that from p=1 and 
b’+q=1 follows g=1. 

1.2. (p+p)'+p=1. 

1.6. 

1.7. If pisa K-element, p’ is a K-element. 

1.71. If pand g are K-elements, +4 is a K-element.” 


B. The Principle of Inference. We now return to Bernstein’s 
criticisms. Postulate *1.1 presents, I think, the critical point 
of the whole argument. Whitehead and Russell say it can not 
be expressed symbolically. Bernstein undertakes to do so, as in- 
dicated above. Has he succeeded? 


\ 
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(a) In the first place let us notice that he has employed the 
notion represented by “follows” (i.e., “therefore,” not “im- 
plies”), which is obviously outside his system. The legitimacy 
of this in a theory of deductive logic seems questionable, for 
is not the notion of “follows” essential to a deductive system of 
logic? Without it how can we ever derive a theorem from a 
postulate? A somewhat similar difficulty arises in regard to his 
leaving equivalence outside the system, since this notion of same 
truth-value of propositions is fundamental in the extensional 
logic of the Principia (and can scarcely be said to be an idea of 
general language). Hence, to exclude it from the system of de- 
duction is simply to omit part of that system. And again a case 
of this kind of difficulty arises in his employment of the notion 
of “If... then” in 1.7 and 1.71: he keeps it outside his sys- 
tem, but assuredly it represents a fundamental logical idea. 

(b) In the second place, if we suppose with Bernstein that his 
1.1 corresponds to the Principia’s *1.1, then how can theorems 
ever be derived from the postulates, without still some other 
postulate (a) in virtue of which the theorem follows from 1.1 and 
(say) 1.2 and 1.6? But still another principle (6) is now needed 
to justify the inference of the given theorem from (a), 1.1, 1.2, 
and 1.6; and so on endlessly. The problem here is the one made 
famous by Lewis Carroll’s account of “What the Tortoise said 
to Achilles,” f and solved by Mr. Russell’s principle of inference. 
The point is that the principle of inference cannot be used as 
a premise, or as an ordinary postulate, but must be an instru- 
mentality or justification, apart from the premises or postulates, 
by authority of which the implicate of the premises is made a 
conclusion; that is, is asserted independently of the premises or 
postulates. The conclusion is not inferred from a set of premises 
among which is the principle of inference, but from the premises 
by virtue of the principle of inference. 

The iesson Carroll and Russell have taught us is—applied to 
any deductive system—that our primitive propositions must be 
of two kinds: (1) Those that function like ordinary mathemati- 
cal postulates; that is, that impose conditions upon the pri- 
mides; and (2) those in virtue of which we drop premises and 


t Mind, n.s., vol. 4 (1895), p. 278. 
t See Russell, The Principles of Mathematics, vol. I, §38. 
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assert categorically what is implied by them. The mathematical 
sciences formulate only those of the first kind, but employ also 
those of the second, which, borrowed from logic, they take to 
be outside their systems. But since those of the second kind 
are principles of logic (e.g., the principle of inference) a formu- 
lation of logic as a deductive system must not leave them out. 

As a matter of fact, when we deal with a system of logic, the 
situation is even more involved than this, for in such a system— 
as contrasted with a system of mathematics—the logical prin- 
ciples of type (1), though not of type (2), have a two-fold office; 
namely, as principles of deduction and as premises. For exam- 
ple, if the principle of the syllogism be chosen as a postulate, 
then in deriving theorems we might in the same step employ it 
as a premise and as a principle of deduction used upon it- 
self as premise. For instance, let two of our postulates be 
(1) and (2) Hence, by 
authority of (1) used as a principle of deduction, we infer from 
(1) and (2), both used as premises, the theorem p3qg-g>r->- 
~r>~p, employing in addition a principle of inference. From 
the point of view of deducing theorems, the postulates in *1 of 
the Principia may be divided into three groups: (a) *1.1 and 
*1.11, which are Principles of Inference; (b) *1.2—*1.6, which I 
call Principles of Deduction; and (c) *1.7—*1.72, which are not 
used in proofs in the ordinary sense, but function rather as defi- 
nitions or characterizations of certain kinds of elements of the 
K-class, determined by operations or relations upon other ele- 
ments of this class. See *3.03. 

Whitehead and Russell’s language in distinguishing between 
the two types of principle was unfortunate. In one sense, if a 
principle can be stated at all, it can be formulated in symbols. 
But they likely had in mind implicitly the truth that their prin- 
ciple of inference contains at least one idea which has no place 
in any of the other primitive propositions and which is not a 
primide in the precise sense the others are; namely, the notion 
of “inference” or “therefore.” Had they simply pointed out that 
their primitive propositions are of two distinct types, confusion 
might have been avoided. 

In discussing the Principia in the Nov.—Dec., 1926, issue of 
this Bulletin (pp. 711-713), our author stated that “The logic 
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of propositions is simply{ a two-element logic of classes, ... .” 
If we be right in holding with Russell and Whitehead that there 
are two kinds of principle, then this quoted statement must be 
in error, for the algebra of classes, or of the truth-values 0, 1, 
does not contain a principle corresponding to the Principle of 
Inference; hence any system having a Principle of Inference 
within it cannot be simply a logic of classes. 


4. Conclusion: Logic cannot be Mathematicized. By the forego- 
ing I think we are driven to conclude that Bernstein has not 
mathematicized the logic of the Principia. And if to be a mathe- 
matical science means to have the characteristics set forth by 
him, then I seriously doubt that logic can be mathematicized. 
In expounding the nature of a mathematical science, he explicitly 
asserts that the principles of logic must be outside the system 
in order that theorems may be derived from postulates. But 
how can we leave the principles of logic outside the system of 
logic? If his characterization of a mathematical science be cor- 
rect, then it seems that the theory of deductive logic cannot be 
mathematicized, for it cannot be this theory if it omit part of 
itself, and, according to our author’s criteria, it must omit part 
of itself if it is to be a mathematical science. Hence, it is Bern- 
stein’s own requirements Nos. 4 and 5 that preclude the very 
possibility of his achieving his purpose to mathematicize logic. 

If, however, we be permitted to have two types of postulate, 
and further if we may take as primidic all technical logical no- 
tions employed but not defined in terms of others, then we shall 
have some sort of deductive system and also a precise formula- 
tion of logic. Though we may not have mathematicized it, may 
we not say we have logisticized it? 


5. An Objection, and Reply. I wish to consider here a possible 
answer to my objections; namely, that I have failed to distin- 
guish between the symbols of the logic and the notions outside 
the logic. Thus, it may be said that “>” is a symbol belonging 
to the logic, but “implies” is outside the logic, as in “(p> q and 
qg>r) implies (p> r).” Similarly, it may be objected that I have 
confused the logical principles (postulates and theorems) sym- 
bolized and in the system of logic with these principles unsym- 


{ Italics mine. 
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bolized and outside the system, which underlie the symbolized 
logic. Bernstein made this point against Schréder, Whitehead, 
and Russell, in volume 28 of the Transactions of this Society. 

My rejoinder is that it is just this underlying or “sub-logic” 
logicians have meant to symbolize. If Bernstein’s point is well 
taken then there must be an infinite number of logics, for no 
matter what logic I formulate, he finds another underlying it. 
In the existence of an infinite hierarchy of logics there may be 
no theoretical difficulty, provided it is theoretically possible to 
find points of difference between them so that, if I were pre- 
sented with two such logics, I should be able at least to see that 
they are two, let alone be able to determine which is sub and 
which super. But this difference has not been pointed out. When 
I endeavor to differentiate between the principle of the syllo- 
gism belonging to the system and the principle of the syllogism 
belonging to the sub-logic, I find only one principle. Reflecting 
upon the principle of the syllogism unformulated in symbols 
(that is, in the sub-logic) and upon the one formulated in the 
symbols of the system, I find no difference between them. On 
the contrary, I discover merely two statements expressing one 
and the same proposition. A similar situation seems true mutatis 
mutandis of the other laws of logic. 

Furthermore, the notion symbolized by > seems to be iden- 
tical with the idea named “material implication.” Hence I can 
hardly have confused the meaning of > with the meaning of 
“materially implies,” for there is only one meaning. We must 
take care not to confuse symbols with the symbolized. I an not 
unaware of Russell’s doctrine of the “systematic ambiguity” of 
his primides; for example, of disjunction. But the logical notion 
I am interested in is that essence or property common to ali the 
or’s which justifies us in some way grouping them together and 
which keeps us from confusing an or of one type with (say) a not 
of some other logical type. If, however, it be replied that there 
is no such essence, and that to suppose there is is to fail to grasp 
what Russell talks about when he uses the term “systematic 
ambiguity,” then this reply presupposes a nominalism of the 
most extreme form; it reduces all logic and mathematics to 
nothing more than pencil marks on paper, or sounds, which are 
not symbols and cannot be discriminated in any way relevant 
to logic or to mathematics. 

Similarly, if Bernstein has in mind a series of logics such as 
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would be demanded by Russell’s theory of logical types; namely, 
such that propositions of the mth type would occur in a logic 
about propositions not higher than the type »—1, if this is 
what he means, then the logic I am interested in is the logic 
which he uses in talking about these different types of logic. 
But as he of course knows, Russell’s theory of types would ap- 
pear to make even the supposition of such a logic nonsense, for 
any proposition applicable to all types of propositions would be 
nonsense.* Accordingly, his implication that for every formu- 
lated logic there is a sub-logic would be such a statement, and 
nonsense. But since I think I am safe in saying that we both 
agree that he was not talking nonsense, I conclude that he ad- 
mits there are propositions, and hence a logic, applicable to all 
types. These considerations seem to dispose of the possibility 
that I have misunderstood him in regard to the theory of types. f 


6. The Principle of Inference. Bernstein’s treatment does, 
nevertheless, suggest to me a view which might contain an ele- 
ment of truth; namely, we might hold that the principle of in- 
ference in the Principia is a theorem or a postulate in a super- 
logic, in which logic, however, it does not function as a principle 
of inference. From this it would follow that a principle of infer- 
ence used as such in any deductive system does not belong to 
that system as a postulate or theorem but to some other sys- 
tem in which it does not function as a principle of inference. 
Thus, the principle of inference in the Principia would be of a 
higher type than the premises of arguments in which it is em- 
ployed. And if this be the case, my fundamental point is further 
substantiated; namely, that the logic of the Principia, contain- 
ing such a principle, cannot be made into a mathematical sci- 


* See Weiss, The theory of types, Mind, n.s., No. 147. 

t The use of “sub-logic” in the above sense would seem psychologically 
justified, for we think of such a logic as more “fundamental” or basic or under- 
lying. But from the standpoint of the theory of types it seems that the princi- 
ples that justify inference in a given logic would have to be principles belong- 
ing to a logic of higher type. For example, “If p and ‘pDq’ are propositions 
of type m, then g, which is likewise of type 1, follows” would be such a princi- 
ple, and would be of type +1. 

I should like to caution the reader that by the foregoing discussion I do not 
mean to imply that I think the Principia Mathematica presents the logic of 
propositions. I believe that there is an intensional logic more fundamental than 
extensional systems. But this in no way compromises what I have said, for the 
questions under discussion might apply as well to the intensional system. 
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ence. Accordingly, Bernstein should not have restated *1.1 as 
1.1, but rather he should have excluded it from the system en- 
tirely, explaining that inferences within the system proceed in 
conformity with some principle outside the system, as provided 
by one of his own requirements. This is the best case I can make 
out for Bernstein’s general point of view, though of course it is 
not compatible with his specific treatment, for he recasts the 
system for the purpose of showing that the principle of inference 
is within the system. If this suggestion be sound, then it is an 
explanation of my previous point that the primitive proposi- 
tions of the Principia are of two kinds. 


7. Independence Proof. lf our principal arguments so far are 
sound, I think we can see now the truth of Whitehead and Rus- 
sell’s statement that “The recognized methods of proving inde- 
pendence are not applicable, without reserve, to fundamentals.” f 
Since in proving independence we must employ valid forms of 
deduction (for example, the principle of transposition, or the law 
of contradiction), any independence proof of the postulates of a 
set composed of such logical laws would be circular. If, however, 
we take the Principia’s set of postulates, omitting *1.1 and 
*1.11 since they are of a kind different from the others, then, 
considering this set as a system-form, that is, abstracting from 
the interpretation of them as principles of logic, we may per- 
form the usual independence tests. Might it not be that this 
condition is what the authors of the Principia referred to by 
the phrase “without reserve”? Moreover, if again we exclude 
*1.1 and *1.11, it seems that the circularity mentioned above 
is neither more vicious nor different in kind from that involved 
in any deduction of logical principles from logical principles by 
use of the latter logical principles as valid forms of deduction. 

Accordingly I am unable to see how to avoid circularity in a 
deductive system of logic, though it is important to notice that 
the apparent viciousness of such a circle is not real, because 
every postulate of logic stands on its own feet; that is, it is true 
a priori, and is “begged” only in the sense that it is chosen as a 
starting point. 


THE UNIVERSITY OF WASHINGTON 


{ Principia Mathematica, p. 91. See Russell, The Principles of Mathe- 
matics, §17. 
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WARING’S PROBLEM FOR NINTH POWERS* 
BY L. E. DICKSON 


1. Introduction. In a previous paper in this Bulletin (vol. 39 
(1933), p. 701), I gave a method to obtain universal Waring 
theorems by supplementing the asymptotic results obtained by 
the analytic theory of Hardy and Littlewood. I quoted results 
obtained from tables of all minimum decompositions into pow- 
ers. Later I discovered an ideal method of making such a table, 
which is now algebraic rather than numerical. Quite recently, 
I found that we can greatly shorten the work and the table itself 
if we do not require that our decompositions be minimal. We 
may discard more than half the linear functions necessary for a 
minimal table. 

The conclusion is that every positive integer is a sum of 981 
integral ninth powers 20. This is close to the asymptotic result 
949 by Hardy and Littlewood. 


2. Notation and Equations. Write 


a=29=512, b=39, c=4°, d=5°, f=6*. 


Then 
(1) b = 227 + 38a, c = 121 + 12a + 138, 
(2) d=19+ 66+ 7c, f = 321 + 20a + 2b + ¢ + Sd. 


We employ 44 linear equations which follow algebraically 
from (1), (2), and a=512. No. 5 in §3 is 


(3) 39a + 5b + 7c — d = 266, 


which follows from the left-hand equations (1), (2). We obtain 
our further equations Nos. 3-7 involving —d from (3) by addi- 
tions or subtractions of the pair (1). Of the equations Nos. 8-13 
involving —2d, No. 9 is the double of (21), while the others 
follow from it by additions and subtractions of (1). Again, (22) 
implies No. 28, from which we obtain Nos. 14-44 by additions 
and subtractions of (1) and (2;). 


* Presented to the Society, April 7, 1934. 
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3. List of 44 Linear Equations. 
1. 39a —b=285, wt. 38 


2. 13a+13b—c=391, wt. 25 
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No. | a | b | c | d | | r wt. 
3. 130 85 
a | 272 | 6 | -1 | 372 37 
5. | 39 | 5 7 =a 266 50 
6. | | | 6 —1 87 -1 
7. 27 | -8 387 | 26 
8. 13 | 353 49 
9. 1 12 | 14 | 474 25 
10. —1 | sz] 1 | —2 | 338 60 
| -13 | 459 36 
12. | —26 26 13 _ 68 11 
| | 15 83 0 
4. | 35 | 5 38 111 77 
is. | 21 | 26 | 29 115 76 
16. | 9 | 13 30 236 52 
17. 7 47 20 | 119 75 
18. 21 20 22 134 64 
19. 9 7 23 255 40 
». | o | 13 15 438 | 90 
1. | 14 15 153 52 
9 | 274 28 

442 89 
157 51 
457 78 
172 40 
70 52 
| 191 28 
| | 338 40 
357 28 
297 15 
399 3 
108 85 
| 229 61 
248 49 
8 | —22 
293 16 
38. | -3 24 376 16 
39. | 23 | | 39 | | 232 53 
40. 47 | | | 85 41 
“a. | 395 4 
42. | 46 | } -1 | | 461 77 
43. | | | 46 - 440 28 
44. | —15 | | 53 | ~ | 421 40 
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4. Table of Decompositions of Integers N>2d+f. We may ex- 
press N as r+Aa+Bb+Cc+2d+f, where 0<r<a, r+Aa<b, 
etc. Hence A £38, B<13, CS7 by (1)-(2). 

In tablette I, A =0, second line, 27 is the number of the func- 
tion in §3, and 70 is its r. To explain the remaining entry 100, we 
add 1 less the tabular difference 119-70 to the weight 52 (sum 
of coefficients) of function No. 27. Evidently the sum of No. 27 
and 2d+f is a decomposition of 70+2d+/f. Hence for r=70 
—118, r+2d+f has a decomposition into 100 ninth powers. 
The largest number in the second column gives the maximum 
106 printed below it, whence 106 powers suffice for all integers 
k+2d+f, O<TkS511. 

Thus in tablette I, A =15, the sum of No. 27 and 15a+2d+f 
is a decomposition of 70+15a+2d+f. Here we may use only 
functions in which the coefficient of a is = —15, while (as for 
tablette A =0) the coefficients of 6 and c are positive. 


I.B=C=0 14 84 111 A =26-32 
=0 17-21, A =0 0 67 0 
0 69 29 68 
27. 70 «16 6 64 87 
17 85 119 5 57 55. «153 
3 88 130 22 65 «187 
18 54 338 58 «172 
21 89-153 8 67 353 4 72 
5 57 266 44 77 421 19 58 255 
22 106 274 11 50 459 22-8, A=21 
8 67 353 9 62 474 4 63 372 
4 102 372 Max 92 32 62 399 
20 93 438 59 
9 89 70 
33 87 108 
Max 106 14 84 111 A=33-38 
17-21, A =0 0-26, A =26 
22 91 274 28 72 191 28 65 191 
10 74 338 16 89 236 34 67 229 
8-,A=0 22 50 274 16 63-236 
Max 103 31 55 
29 54 338 19 58 255 
A =15-20 8 67 353 22-8, A=21 
0 69 0 4-,A=15 4-,A=26 
27 92 70 Max 89 Max 67 


II. B=1, C=0 
A=15 
0 69 0 
27 64 70 
13 69 83 
21 70 153 
26 58 172 
28-5, I, A =15 
22 50 274 
31 70 297 
8 67 353 
4 85 372 
44-,I1,A=15 
Max 85 
III. B=6, C=0 
A=0-2 
22 46 274 
37 75 293 
353 
Max 103 
A =3-14 
0 69 0 
27 92 70 
14 84 111 
17-21,B=A=0 
28 72 191 
16 81 236 
5 57 266 
22 38 274 
1 90 285 
29 54 338 
8 67 353 
4 40 372 
38 96 376 
25 94 457 
9 62 474 
Max 96 
A =15-32 
0-26, II 
28 72 191 
16 70 236 
19 50 255 
5 57 266 
22-8, II 


So 
w 

NS 
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38 60 376 
44 58 421 
43 46 440 
11 50 459 

9 62 474 

Max 72 
IV. B=8, C=0, A=0 

0 69 0 
27 92 70 
14 84 111 
17-21,I 
28 72 191 
16 89 236 
22 38 274 

1 45 285 
37 75 293 

8 67 353 

4 51 372 

7 95 387 
25 94 457 

9 62 474 

Max 95 
V. B=12, C=0 
Az=3 
0 69 0 
27 66 70 
40 85 85 

3 88 130 
18 82 134 
21 70 153 
26 58 172 
28 68 191 
39 56 232 
16 70 236 
19 50 255 

5 57 226 
22-4, IV 

7 33 387 
41 82 395 

9 62 474 

Max 88 
A=12 

0 69 0 
27 64 70 
13 69 83 


21-,A =3 
Max 82 
A=13 

0-13, A=12 

21-5, A =3 

22.14.1V 

37 19 

31 55 

29 54 

8 67 
4 59 
38 67 
11 50 
9 62 
Max 70 
A =33 
0 7 

36 37 

12-26, I, A =26 

28 65 

34 63 

39 56 

16-19, I, A =33 

22-29, I, A =21 

8 52 
30 42 
4-,1,A=26 
Max 65 
VI.C=1, B= 
A=1 
0 69 

27 92 

14 84 

17-21, I, A =0 

28 91 

19 58 

22 91 

10 74 

8 67 
4 55 
? 90 

25,9, 1,A=0 

Max 94 
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293 


490 
= 
297 
338 
353 
372 
395 
459 
474 
0 
8 
191 
229 
232 
353 
357 
0 

0 
70 
111 

191 
255 
274 
338 
353 
372 
391 
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VII. C=1, B=8 A=13 
A=0 0 69 0 
0-4, IV 27 64 70 
7 29 387 13 69 83 
2 90 391 21 89 153 
25 81 457 28-4, IV 

42 89 461 7,2,A=0 
9 62 474 25 79 457 
Max 92 11 50 459 
9 62 474 

Max 90 


5. Conclusions from the Table. Let G denote the greatest 
weight (second column) in a tablette with fixed A, B, C. By 
I (B=C=0), we have 


A 0 1-14 15-20 | 21-25 | 26-32 33-38 
(4) G 106 103 92 89 72 67 
A+G 106 117 112 114 104 105 


For A+G the largest A was used. Including 3 (from 2d+f), we 
see that 3+117=120 ninth powers suffice for every A if 
B=C=0. Hence for C=0, B=0—5, 125 powers suffice. 

Let B=6, C=0. By III, A+G=2+103 if A=0—2, A+G 
=14+96=110 if A =3-14, A+G=32+72=104 if A =15—32. 
Also A+G=105 if A =33-38 by (4). Hence A+G<110 for all 
A, Thus 3+6+110=119 powers suffice for all A if B=6, C=0. 

Let B=8, C=0. By IV, A+G=14+95=109 if A =0-14. 
By B=6, A+GS105 if A=15. Hence 3+8+109=120 powers 
suffice for all A. 

Let B=12, C=0. By IV, V, we have 


A 0-2 3-11 12 13-32 33-38 
(5) G 95 88 82 70 65 
A+G 97 99 94 102 103 


Thus 3+12+103=118 powers suffice for all A. Since BS13, 
our results may be combined into the following lemma. 
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Lemma 1. Jf C=0, 125 ninth powers suffice for all A, B, while 
124 suffice except when A =14, B=5, r=456. 


Let C=1, B=0. By VI, A+G=108 if A=1-14. By (4), 
A+GS114 unless A=1-14. Hence 3+1+114=118 powers 
suffice for all A if C=1, B=0. 

Let C=B=1. By II, A+G=25+85 =110 if A =15-25. By 
the preceding, A+G=108 if A =1-14. By (4), A+G=106 if 
A=0 and A+G<105 if A=26-38. Hence 3+2+110=115 
powers suffice for all A if C=B=1. Thus 119 powers suffice if 
C=1, B=1-5. 

Let C=1, B=6. If A =15-25, A+G=25+72=97 by III. 
By the preceding (C=B=1), A+G<108 if A=0-14, 26-38. 
Hence 3+7+108=118 powers suffice for all A. Thus 119 pow- 
ers suffice if C=1, B=0~7. 


LemMA 2. 125 ninth powers suffice if C=1-7, BS7. 


Let C=1, B=8. By VII, A+G=104 if A=0-12, and if 
A =13, 14. By III, A+G =104 if A = 15-32. By (4), A+G=105 
if A =33-38. Hence 3+9+105=117 powers suffice for all A. 
But C<7 if B>6 by (21). 


LemMMA 3. 125 ninth powers suffice if C21, B=8-11. 


By (5), 120 powers suffice if C=1, B=12, 13. Since C<7 if 
B>6, 125 powers suffice if C21, B212. 

Our results together show that 125 powers suffice for all A, 
B, C yielding integers in our interval of length d. This may be 
expressed as follows. 


THEOREM 1. All integers from 2d+f to 3d+f are sums of 125 
ninth powers. 


Our results show also that 124 suffice for all A, B if C=1-5. 
Adding d we see that 125 suffice from c+3d+f to 6c+3d+f. 
To the exceptional number in Lemma 1 we add d and get 
N=456+14a+55+3d+f. Eliminate d by inserting the triple 
of its value (2). Thus N=1+15a+23b+21c+f, whose weight 
is 61. This proves the following extension of Theorem 1. 


THEOREM 2. All integers from h=2d+f to 6c+3d+f are sums 
of 125 ninth powers. 


= 
— 
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6. The Universal Theorem. We add d and f each three times, 
7° twice, and n° (n=8-13, 15) each once, as in Theorem 10, this 
Bulletin (vol. 39 (1930), p. 710), and find that 140 powers 
suffice from h to Lp = 58221534000. By Theorem 12, ibid., page 
711, with t=841, we find that 981 powers suffice from h to Li, 
where log log L,=43.356. By R. D. James’ recent work for odd 
powers, every integer >C is a sum of 981 ninth powers if log 
log C=43.198. Since L;>C, we have the following result. 


THEOREM 3. All integers =>2d+-f are sums of 981 ninth powers. 


By (1,) the integers 20 and <b are x+ya (x<511, y<37) 
and 2+38a (z £226), and hence are sums of 548 powers. Adding 
b thirteen times, we see that 561 suffice to 14b and hence beyond 
c. Adding c seven times, we see that 568 suffice to 8c >d. Add- 
ing d five times, we see that 573 suffice to 6d>f. Hence 575 
suffice to 2d+f. 


THEOREM 4. Every positive integer is a sum of 981 ninth powers. 


THE UNIVERSITY OF CHICAGO 


A NOTE 
BY R. L. PEEK, JR. 


M. Maurice Fréchet, of the University of Paris, has informed 
me that Cantelli published the following inequality in the 
Bollettino dell’ Associazione degli Attuari Italiani (Milan, 
1910): 


M2, — M? 
P\x-_y| 
— M,)? + Ma — 
where M, is the mean of |X—Y)]". As Fréchet pointed out 


in his letter to me, this inequality includes as a particular case 
(Y=X, e=to, r=1) the inequality (2) given in my paper, 
Some new theorems on limits of variation, published in this 
Bulletin, December, 1933. 

The journal in which Cantelli’s paper appeared is not, so far 
as I have been able to ascertain, available in New York City. 


TELEPHONE LABORATORIES 


— 
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E. P. NORTHROP 


NOTE ON A SINGULAR INTEGRAL* 


BY E. P. NORTHROP 


This note is concerned with the convergence in the mean of 
order 2, as m— ©, of the integral 


+0 
(2x)—1/2 f(u) K(x — u; m)du. 

We shall consider necessary and sufficient conditions for the con- 
vergence of the integral first to f(x) and secondly to zero. We 
shall restrict ourselves in this paper to the case where f(z) is of 
class L2(—2, +0), and K(u; m) is of class L2.(—*, +) for 
all values of m. We introduce the following notation: 

(a) f(x) ¢L,(— ©, +) if and only if f(x) is measurable, and 


+00 
f | f(x) | 


Then the statement “f,,(x) converges to f(x) in the mean of 
order p as m—> ” can be written “||fn(x) —f(x)||>0 as .” 
We shall also write 


(b) Put 


f(x) = 1i.m. fm(x). 


(c) Denote by T[f(x)] the Fourier transform of f(x). That is, 
if f(x) cL,(—»%, +), p>1, thenasA—~, 


A 


—A 


and T[f(x)|¢L,(—*, +), where 1/p+1/p’=1. The in- 


verse operator 7~—! is given by the relation 


* Presented to the Society, December 26, 1933. 
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+A 
T—[f(x)] = Lim. f e'**f(s)ds. 
?’ 
Thus, for 1<pS2, we have T-1{ T[f(x)]} =7{7—[f(x) } =f(x). 
(d) Put 


T f) = f(u) K(x — u;m)du. 
THEOREM 1. Let f(x)cL.(—”©, +), and let K(x; m) 
cLl.(—«, +) for every m. Then a set of necessary and sufficient 
conditions for the convergence of l| Tn (23 f) —f(x)||> to zero, as 
, 1s 
(i) | T (K(x; m) || <M (a constant) for all m and almost all x, 


(ii) lim f ' T[K(x; m)] — 1|*dx = 0, 


for every finite interval (a, b). 


ProoF. Since f(x) and K(x; m) both belong to L2(— 2», +)» 
Tm(x;f) is an absolutely convergent integral. In addition,* 


+00 
T(x; f) = f eT [f(u) ]-T|K(u; m) |du. 


Here T[f(u)]-T[K(u; m)]¢Li(—©, +), so that f) is 
the inverse Fourier transform of this product, and as such, is 
bounded and continuous. But if the theorem is to have meaning, 
T »(x;f) must belong to the class L2(— ©, +) for all functions 
f(u)cL.(—%, +), and for every m. This is the case if 
and only if T[f(u)|-T[K(u; m)]¢L.(—©, +) for every 
f(u)cL2(—%, +), and for every m. This in turn implies, 
and is implied by, the existence of a constant M,,, depending 
only upon m, such that for m fixed, | T[|K(u; m) || < M,, for al- 
most all u. If this is so, then T[ f(x) |- T7[ K(x; m) | is the Fourier 
transform of T(x; f) in +0). 

Hence to say that | —f(x)||2-0 as m—>© is equiva- 
lent to saying that ||7[f(x)]-T[K(x; m)|—T[f(x)]||2-0 as 
m—«. But the latter expression is simply the square root of 


T[f(x)] T[K(x; m) | 1 


* See, for example, N. Wiener, Acta Mathematica, vol. 55 (1930), p. 126. 
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In this integral, | T (f(x) ] |2 is an arbitrary positive function of 
class L;}(—», +), and T[K(x; m)]—1 |2 is a positive func- 
tion, bounded for every m. By a theorem of H. Lebesgue,* 
the conditions (i) and (ii) are necessary and sufficient for the con- 
vergence of the above integral to zero, as m->~. This proves 
the theorem. 


THEOREM 2. Let condition (ii) of Theorem 1 be replaced by 


(ii)’ lim f T|K(x; m)]|%dx = 0, 


for every finite interval (a, b). Then (i) and (ii’) are necessary and 
sufficient in order that || f) —0||2=|| Tm(x;f)||20 as m2. 

The method of proof is identical with that of Theorem 1. Both 
Theorem 1 and Theorem 2 can be extended, mutatis mutandis, 
to cover the case of any number of dimensions. 


YALE UNIVERSITY 


A CORRECTION AND AN ADDITION 
BY D. N. LEHMER 


In an article in this Bulletin (vol. 39 (1933), p. 764), the total 
number of squares of order four, magic in the rows and columns, 
is given as 539,136, which arise from 468 “normalized” squares. 
A second, and after that a third, calculation changes this total 
to 549,504, which arise from 477 normalized squares. This result 
is important since it settles definitely in the negative the ques- 
tion as to whether the system of magic squares form a group 
which is a sub-group of the symmetric group on the number of 
elements in the square. In fact, the final number contains a 
factor 53, which is not a factor of the order of the symmetric 
group on 16 elements. The former erroneous result left this 
question undecided. 


THE UNIVERSITY OF CALIFORNIA 


* Annales de la Faculté des Sciences de |’ Université de Toulouse, (3), vol. 1, 
(1909), p. 52. The results of this paper were previously obtained without the 
use of this theorem of Lebesgue. M. H. Stone kindly pointed out to the 
author, however, that the work could be considerably shortened by using it. 
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OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


WILLIAMSTOWN, MASSACHUSETTS, SUMMER MEETING AND CoL- 

Loguium, September 4-7, 1934. 

Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St, New York City, not later than August 1. Abstracts 
received by July 6 will sepia in the July issue of the Bulletin. Professor 
Norbert Wiener will deliver a series of colloquium lectures which were 

_ by himself and the late Dr. R. EK. A. C. Paley on Topics from 

monic analysis in the complex domain. By invitation of the Program 

Committee, Professor J. A. Shohat will deliver an address entitled On 
the expansion of functions in series of orthogonal polynomials. 


New Yorx Crry, October 27, 1934. 

Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St., New York City, not later than September 29, Ab- 
stracts received by the Secretaries by September 7 will appear in the 
September issue of this Bulletin. By invitation of the Program Commit- 
tee, Professor Emmy Noether, visiting lecturer at Bryn Mawr College, 
will deliver an address entitled Modern hypercomplex series. 


Lincotn, Nesraska, November 30-December 1, 1934. 
Abstracts must be in the hands of Associate Secretary M. H. In- 
, University of Wisconsin, Madison, Wisconsin, not later than 
ovember 3. All these will appear in the November issue of this Bulletin. 
By invitation of The Program Committee, addresses will be delivered by 
Professors ts. A. Bliss and A. J. Kempner. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES, December 1, 1934. 

Abstracts must be in the hands of Associate Secretary T. M. Putnam, 
University of California, Berkeley, California, not later than November 
3. All these will appear in the November issue of this Bulletin. 


PitrspurcH, Pennsytvania, Annual Meeting, December 27- 

31, 1934. 

Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St., New York City, not later than November 22, 1934. 
Abstracts received by the Secretaries by November 9 will appear in the 
November issue of this Bulletin. 


R. G. D. Ricarpson, Secretary of the Society. 
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Subscriptions to the Butierrn, orders for back numbers, and in- 
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